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ABSTRACT

This dissertation focuses on shape optimization of nanoscale optical metamaterials with

the aim of fine-tuning their optical properties. These materials have a wide range of appli-

cations, from biomedical devices to photovoltaic batteries. They exhibit a variety of striking

optical phenomenon that are unlike the classical behavior of electromagnetic waves. The

ability to precisely tailor these properties offers emerging possibilities for enhancing the per-

formance of these materials.

A mathematical framework based on homogenization theory for time-harmonic Maxwell’s

equations is used to model these materials. This framework subsequently enables the formu-

lation of a PDE-constrained shape optimization problem. By defining a cost function that

minimizes the difference between the effective permittivity and target permittivity, iterative

numerical optimization methods are applied. The computational workflow leverages the fi-

nite element library deal.II and the optimization library DOpElib. Numerical experiments

validate the effectiveness of the proposed methods, demonstrating convergence to a variety

of target permittivity values without compromising mesh quality. The outcomes highlight

the potential of PDE-constrained optimization in advancing the design of plasmonic crystals

and metamaterials, pushing the boundaries of material science and optics.

We outline a future extension of the homogenization framework that incorporates a spec-

tral problem to better capture the frequency-dependent optical properties of metamaterials.

A promising direction involves introducing a deformation field into the spectral problem and

defining a cost function to minimize discrepancies between computed and target eigenvalues,

allowing for an alternative approach to tune the microscale properties of these metama-

terials. Additionally, improving computational efficiency through high-performance sparse

matrix libraries like GraphBLAS will address bottlenecks in assembling finite element ma-

trices, enabling fast, scalable, and multi-threaded simulations. These advancements will

enhance the feasibility of large-scale, high-fidelity simulations.
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1. INTRODUCTION

The emergence of two-dimensional material with innovative material properties has trans-

formed several areas of optics and nanophotonics. One such material is graphene, a two-

dimensional carbon allotrope with a single atom layer that is arranged in a honeycomb lattice

structure. Since its successful exfoliation in 2004 [81], graphene has attracted great interest

due to its exceptional electrical, mechanical, thermal, and optical properties. Doped mono-

layer graphene [18, 21, 22] exhibits optical conductivity that enables strong light-matter

interactions across a broad frequency spectrum, spanning from the terahertz to the mid-

infrared range. This unique property has driven the development of innovative graphene-

based plasmonic devices and metamaterials with tunable optical properties.

Plasmonic crystals are a promising class of metamaterials that have demonstrated a range

of optical phenomena that challenge conventional electromagnetic wave behavior. These in-

clude optical cloaking, negative refraction, subwavelength focusing, and the epsilon-near-zero

effect [4, 14, 61, 64, 68, 86]. Such properties make plasmonic materials highly desirable for

applications in photonics, waveguiding, sensing, and quantum optics. Traditionally, plas-

mons were studied at metal-dielectric interfaces. However, using metals in plasmonics has

several limitations. First, plasmon activity in metals occurs primarily in the near-infrared

range, which isn’t ideal for all applications. Second, metals heavily dampen electromag-

netic waves, resulting in short plasmon lifetimes. Lastly, the carrier concentration in metals

is fixed, meaning plasmonic devices made from metals can only function at specific light

wavelengths.

In recent years, graphene has emerged as an alternate material for plasmonics which

overcomes the shortcomings of metals. A well-studied example of a plasmonic crystal con-

sists of graphene nanosheets that are arranged periodically with subwavelength spacing and

suspended in a bulk non-magnetic dielectric host. This dissertation describes a class of shape

optimization problems for the nanoscale graphene inclusion with the aim of fine-tuning the
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macroscale optical properties of the plasmonic metamaterial. The ability to tune the effec-

tive optical response of these structures is a fundamental challenge in designing novel optical

devices.

Plasmonic crystals and similar periodically structured media can be modeled with clas-

sical electrodynamics. They are governed by time-harmonic Maxwells equations, which de-

scribes the time harmonic optical response on the microscale layers. However, resolving

the system of equations for each layer of the nanosheet at the microscale is computation-

ally expensive. Instead, homogenization techniques provide a framework for describing the

macroscopic optical response of a microscopically structured material. These methods re-

place the complex microstructure with microscale inclusions by a homogenous bulk material

with effective optical properties.

Our homogenization approach builds on a theory (see Section 2.3) of convergence devel-

oped by Nguetseng [69] and a two-scale convergence result established by Allaire [2]. The

extension of this two-scale convergence to the context of this research is based on a periodic

homogenization theory for time-harmonic Maxwell equations [83–85], which is extended to

our periodic inclusions composed of lower-dimensional interfaces [5, 58, 60]. This method

replaces the permittivity of each periodic inclusion with an equivalent effective permittivity

tensor. The tensor is computed as a weighted average over a cell problem. This framework

not only provides valuable theoretical insights but also offers an efficient computational tool

for simulating the optical macroscale response of these materials.

Finally, we introduce an important inverse problem: Given a specific macroscopic op-

tical property, can we determine the shape of the microstructure of a plasmonic crystal?.

Traditional approaches [70, 77] to this inverse problem have relied on heuristic design prin-

ciples or extensive parameter sweeps, which can be inefficient and limited in scope. In this

research, we treat the geometry of the inclusions as the control variable and formulate a

shape-optimization problem based on the homogenization procedure. This thesis presents

a mathematical and computational framework for such optimization problems, integrating

2



numerical shape optimization methods with inverse homogenization theory.

As an addendum, we lay the foundation for a related frequency-independent optimiza-

tion problem. The frequency-independent problem is constrained by a geometric eigenvalue

problem, which arises as a result of the interplay between frequency-independent geometric

nanoscale resonances and frequency-dependent local conductivity models [45]. This formu-

lation is crucial for understanding the frequency response of our optical metamaterials and

it enables an efficient approximation to compute this frequency response. The optimization

framework is similar to the one used above. We end with some remarks on the computational

bottlenecks of our optimization routine and suggest some high-performance alternatives for

the algorithms employed.

Thesis objectives: Our objective with this research is to develop robust shape opti-

mization frameworks for designing plasmonic crystals with predetermined effective optical

properties. This involves solving a mathematically rigorous inverse problem that determines

the optimal shape of the microscale dielectric inclusions in order to achieve a target macro-

scopic response. More concretely, the objectives are:

– Extending the homogenization framework for plasmonic crystal: We build upon exist-

ing homogenization theory for time-harmonic Maxwells equations, incorporating shape

deformations into the formulation. A deformation field is introduced to describe devi-

ations from a reference geometry, allowing for control over the shape of the inclusions.

– Formulating a numerical shape optimization algorithm: An optimization problem is

formulated, where the objective is to minimize the difference between the computed

effective permittivity tensor and a given target tensor. The deformation field serves as

the control variable, the governing PDE serves as the state variable, and constraints

are introduced to maintain mesh regularity and avoid singular deformations.

– Implementing an adjoint-based optimization method: The optimization framework em-

ploys an adjoint formulation, which enables efficient computation of derivatives for

3



gradient-based numerical optimization. This is combined with numerical optimization

algorithms based on gradient descent and Broyden-Fletcher-Goldfarb-Shanno (BFGS)

to form optimization algorithms.

– Validating the approach with numerical experiments: The optimization algorithm is

applied to various test cases to demonstrate its ability to tune optical microstructures.

We in particular demonstrate that our shape optimization formulation works for tuning

optical microstructures to achieve an epsilon-near-zero effect.

Thesis layout: To provide a comprehensive and systematic presentation of the research,

the remainder of this thesis is structured as follows,

Chapter 2 is a review of homogenization techniques, which are essential for understanding

the behavior of plasmonic crystals at the macroscale. The chapter starts with an introduc-

tion to the heterogeneous Maxwells equations and the jump conditions, which govern the

electromagnetic behavior of the material. It then delves into a description of the layered

and periodic structure of the plasmonic crystals. Then, a systematic review of the homoge-

nization process is presented, starting with convergence of periodically oscillating functionals

and linear elliptic equations. Finally, we review the homogenization of the time-harmonic

Maxwell’s equations on the plasmonic crystals and some well-posedness theorems required

for our analysis.

Chapter 3 introduces the deformation field, which plays a crucial role in formulating

out shape optimization problem. The chapter then discusses the deformed cell problem

and proves the well-posedness of the deformed problem, ensuring that the mathematical

formulation is uniquely solvable under reasonable assumptions. In addition, the chapter

introduces regularity and variance bounds, which are critical for ensuring the accuracy and

stability of the numerical methods used later. These bounds help control the behavior of the

deformation and ensure that the optimization techniques applied later can be relied upon to

yield valid results.

In Chapter 4, the focus shifts to the shape optimization problem. The chapter explains
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the mathematical formulation of the optimization problem; describing the objective function,

constraints, and the methods used to solve it. A key technique introduced here is the

adjoint approach, which is a method used to efficiently compute gradients. The chapter

provides anexplanation of the numerical optimization algorithms and their implementation.

Additionally, strategies for mesh regularization are discussed.

Chapter 5 presents the results of several numerical experiments designed to test and

validate the framework developed in previous chapters. These experiments provide concrete

evidence of the effectiveness, accuracy, and robustness of the proposed methods. The final

chapter of the thesis (Chapter 6) offers a summary of the key findings from the research,

highlighting the contributions made. We also provide some outlook and summarize two

directions of future work. We lay the groundwork for a frequency-independent optimization

problem, which provides an alternate mathematical approach using a geometric eigenvalue

problem. Later, we discuss some computational bottlenecks and techniques to speed up the

existing algorithms. Specifically, we propose some methods to speed up the finite element

assembly that occurs in every iteration of our numerical optimization routine.
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2. A SURVEY OF HOMOGENIZATION

This chapter is dedicated to summarizing the underlying microscale model [58] and the

corresponding homogenization theory [2, 58–60, 69, 83–85]. The concepts reviewed are: het-

erogeneous time-harmonic Maxwell’s equations, a conductivity model, the setup of plasmonic

crystals, periodically oscillating PDEs, two-scale convergence, homogenization of linear el-

liptic equations, and homogenization of time-Harmonic Maxwell’s equations.

2.1 Time-harmonic Maxwell’s equations

The starting point of our analysis is the strong form of Maxwells equations. Maxwell’s

equations describe the time evolution of an electromagnetic field (E(t,x),H(t,x)) as,


∇× E = −µ∂H

∂t
,

∇×H = ε∂E
∂t

+J a.

(2.1)

Here, E and H are time-dependent electric and magnetic fields, ε and µ are the relative elec-

trical permittivity and magnetic permeability of the material, and J a is the current density.

For the purpose of this work, we operate in the time-harmonic realm, which means we use

the the time-harmonic electromagnetic field (E(t,x),H(t,x)) = Re
(
e−iωt(E(x),H(x))

)
.

Plugging into (2.1), we arrive at the time-harmonic Maxwell’s equations:


∇×E = iωµH ,

∇×H = −iωεE + Ja,

(2.2)

The (constant) parameter ω is the temporal angular frequency (ω > 0), Ja is the time-

independent current density that arises from the time-harmonic density,

J a(t,x) = Re(
(
e−iωt(Ja(x)

)
.
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ΣJ = δΣσ
Σ
r ET

H · s

H · s

Figure 2.1: Jump condition on the graphene surface.

2.1.1 Modeling of graphene as effective jump conditions

Our domain is plasmonic crystals consisting of graphene nanosheets. Due to the surface

conductivity of graphene we have a jump condition in the tangential component of the

magnetic field, while the tangential electric field is continuous. The jump on the surface Σ

with respect to a chosen normal field ν is denoted as [F ]Σ := limα↘0

(
F (x+ αν)− F (x−

αν)
)
, x ∈ Σ and the equations on the surface are:


[
ν ×E

]
Σ

= 0,[
ν ×H

]
Σ

= σΣET .

(2.3)

Here, σΣ is the surface conductivity of Σ and ET is the tangential component of E. The

surface conductivity in the parameter regimes relevant to our the numerical tests will be given

by the Drude model, also known as a Drude-Lorentz oscillator model [3, 23, 30] (described

below).

2.1.2 A conductivity model

The Drude model was proposed by Paul Drude in 1900 [23]. In this section, we provide a

brief summary of the model based on notes by Almog, et al. [3]. The Drude model represents

an electron as a driven damped harmonic oscillator. Let the mass of the electron be me and
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charge be −q, and we let y be the position vector of the electron. Let us begin with the

scenario where there is no dampening and suppose the harmonic oscillator has force constant

k, and by Newton’s second law of motion, −ky = me
∂2y
∂t2

. The solution to this equation is a

sine function of frequency ω0 :=
√

k
me

, and this is called the resonant frequency, (or natural

frequency or fundamental frequency) [3].

Now let us look at the case where we have a dampening force and an oscillating electric

field E. As described by Almog, Bradley, and Bulović [3], the damping force is assumed to

be linearly proportional to the velocity of the mass. Assume that electrons scatter randomly

at uncorrelated times. The average time between scattering is τ , also known as the relaxation

time and therefore, 1
τ

is the damping coefficient of our imaginary spring. So the damping

force is −me
1
τ
∂y
∂t

. The driving force due to the electric field is −qE. The total force on the

electron is [3],

Fnet = Fdriving + Fdamping + Foscillator,

=⇒ me
∂2y

∂t2
= −meω

2
0y −me

1

τ

∂y

∂t
− qE,

=⇒ ∂2y

∂t2
+

1

τ

∂y

∂t
+ ω2

0y = − q

me

E.

(2.4)

Polarization P is the number of dipole moments per volume. If N is the number of electrons

per volume then P := −Nqy. Also, plasma frequency ωp :=
√

Nq
meε0

, where ε0 is the electric

permittivity of vacuum [41].

∂2P

∂t2
+

1

τ

∂P

∂t
+ ω2

0P =
Nq2

me

E = ε0ω
2
pE. (2.5)

Solve this system for P , and then compute the susceptibility χe using the other formula

for polarization P = ε0χeE. The relative electric permittivity εr or the dielectric constant

is computed using εr = 1+χe. If we treat the electrons as conductive current with the given

electron density, we can use εr to find the current density, which in conjunction with the

8



Σ

Y

(a)

εd(ŷ) Σd

σd(ŷ)

(b)

Figure 2.2: (a) The unit cell Y = [0, 1]3 consisting of 2D graphene inclusions Σ with surface
conductivity σ in an ambient host material with permittivity ε; (b) the plasmonic crystal
formed by many scaled and repeated copies of Y in all space directions.

Ohm’s law, can be used to arrive at the surface conductivity [58]:

σ(x,y) = σ̃(ω) I, σ̃(ω) =
iωp

ω + i/τ , ωp, τ ∈ R≥0. (2.6)

Here I is the identity matrix. This is a common model for the surface conductivity of

graphene, and after a suitable rescaling, typical values for the constants are ωp ≈ 4/137 and

τ ≈ 100 for frequencies ω ≈ 1 [45].

2.2 A microscopic model of the layered heterostructure

We now review the geometry of the microscopic problem as described by Maier [45, 58–

60]. This structure is the basis of our shape optimization later in this work. Figure 2.2

shows the geometry of a three-dimensional plasmonic crystal consisting of periodic copies of

a scaled representative volume element Y containing a curved surface Σ representing a 2D

material with surface conductivity σ and otherwise filled with a dielectric host material. This

shape of this curved surface Σ being optimized in our analysis. The parameter d denotes a

scaling parameter or periodicity for the for the microscale inclusions [60]:

Σd =
{
d z + d ς : z ∈ Z3, ς ∈ Σ

}
.

Finally, Σd is the union of all scaled copies of Σ, as illustrated in Figure 2.2 [60].
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The electromagnetic response on each periodic layer is described by the time-harmonic

Maxwell equations governing the scattering of an electromagnetic wave (Ed,Hd), as fol-

lows [56]:



∇×Ed = iωµHd,

∇×Hd = −iωεdEd + Jd
a,[

ν ×Ed
]
Σd = 0,[

ν ×Hd
]
Σd = (σdEd)t.

(2.7)

Here, εd is the electric permittivity and Jd
a is the electric current density of each copy of

Σd. As described above, we see jump conditions over the graphene interface Σd due to the

presence of a current density JΣd = δΣdσdEd
t caused by the surface conductivity σd [58].

Here, δΣd is the surface measure of Σd. We refer the reader to [60] for a more detailed

discussion of the scaling provided by Maier, et. al.

Note that the permittivity εd and surface conductivity σd are tensor-valued. We make the

additional scaling assumption on (bulk) permittivity and surface conductivity that they

depend on a slow scale and are periodic and rapidly oscillating on a fast scale proportional

to d, namely [60],

εd(x) = ε(x,x/d), σd(x) = d σ(x,x/d). (2.8)

ε(x,y) and σ(x,y) are complex-valued scalar functions, periodic with respect to y ∈ Y , and

σ is Lipschitz continuous. Equation (2.7) implies the following equation in Ω \ Σd,

1

µ
∇× (∇×Ed) = ω2εdEd + iωJd. (2.9)
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Along with Hd = 1
iωµ

∇×Ed, we arrive at the impedance boundary condition,

1

µ
(∇×Ed)× ν = iωλEd

t on ∂Ω. (2.10)

Where ν is a normal unit vector and λ =
√

ε
µ
. Consider a smooth test function ψ. We

formulate the weak form [60],

∫
Ω

1

µ
(∇×Ed) · (∇× ψ̄) dy −

∫
∂Ω

iωλEd · ψ̄T doy −
∫
Ω

ω2εdEd · ψ̄ dy

−
∫
Σd

iωσdEd
T · ψ̄T doy =

∫
Ω

iωJa · ψ̄ dy.

(2.11)

Let us define the function space [60],

Xd = {u ∈ H(curl; Ω) | uT ∈ L2(∂Ω;C3)},

along with the norm [60],

‖u‖2Xd = ‖u‖2L2(Ω) + ‖∇ × u‖2L2(Ω) + ‖uT‖2L2(∂Ω) + ‖uT‖2L2(Σd).

Here, H(curl; Ω) := {u ∈ L2(Ω;C3) | ∇ × u ∈ L2(Ω;C3)} and uT = (ν × u) × ν is the

tangential component of u. Also,

‖uT‖2L2(Σd) := d

∫
Σd

|uT |2 doy =
∑
k∈Γd

d

∫
Σ

|uT (x
′, kd)|2 dy′.

A precise formulation (2.11) with the the function space describes above is as follows,

Ed ∈ Xd, ad(Ed,Ψ) = iω

∫
Ω

Ja · Ψ̄ dy ∀Ψ ∈ Xd. (2.12)
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where ad : Xd ×Xd → C is defined as [60],

ad(u,v) =

∫
Ω

1

µ
(∇× u) · (∇× v̄) dy −

∫
Ω

ω2εdu · v̄ dy

−
∫
Σd

iωσduT · v̄T doy −
∫
∂Ω

iωλuT · v̄T doy.

The corresponding magnetic field is given by,

Hd(x) =
1

iωµ
∇×Ed(x).

Let us introduce a few assumptions on the parametrs [58, 60]. µ, λ ∈ R>0 and εd, σd are

measurable complex valued functions such that,


0 < c ≤ Im(εd(x)) ≤ C and |Re(εd(x))| ≤ C ∀x ∈ Ω

0 < c ≤ 1
d
Re(σd(x)) ≤ C and |1

d
Im(σd(x))| ≤ C ∀x ∈ Σd

(2.13)

for some constants c, C. With this, Maier et al. [60] provide the following theorem,

Theorem 2.2.1 (Well-posedness of the microscale problem [60]). Under the assumptions

(2.13), (2.12) has a unique solution in Xd for all Ja ∈ L2(Ω;C3) and for all d > 0.

The proof of this theorem involves the definition of a sesquilinear form on a limit and the

application of Lax-Milgram. Moreover, we have the following a priori estimate:

Proposition 2.2.2 (A priori estimate for the microscale problem [60]). Under the assump-

tion (2.13), the solution Ed of (2.12) is bounded in Xd uniformly with respect to d.

1

ω
‖∇ ×Ed‖2L2(Ω) + ω‖Ed‖2L2(Ω) + ‖(Ed)T‖2L2(Σd) + ‖(Ed)T‖2L2(∂Ω) ≤ C‖Ja‖L2(Ω). (2.14)

Where C is a constant independent of d.
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2.3 Review of homogenization and convergence

Following our discussion of heterogeneous Maxwell’s equations, we review the process

of homogenization. Homogenization is a mathematical framework used to study differen-

tial equations with rapidly oscillating coefficients. This approach enables the derivation of

effective macroscopic equations that capture the influence of fine-scale structures without ex-

plicitly resolving them. By averaging out microscopic variations, homogenization provides a

systematic method to approximate the behavior of complex materials and wave propagation

phenomena. The core idea is to replace a highly oscillatory system with an equivalent ho-

mogenized model, where effective properties emerge from the periodic microstructure. This

section reviews some general homogenization results for elliptic PDEs with periodically os-

cillating coefficients, and then applies them to homogenize linear inhomogeneous Maxwell’s

equations. Finally, we summarize the homogenization problem and convergence results for

time-harmonic Maxwell’s equations in the context of plasmonic crystals.

2.3.1 Periodically oscillating functionals and two-scale convergence

Convergence of periodically oscillating functionals was first introduced by G. Nguetseng

in 1989 [69] and then the term two-scale convergence was coined by G. Allaire in 1992 [2].

In this section we review some of these concepts, as they apply to our optimization problem.

Let Ω be a bounded and open set in RN and let Y =]0, 1[N be an open unit cube in

RN . We define F#(Y ) as all functions in Floc(RN) which are periodical repetitions of some

function in F(Y ). For example, C#(Y ) and C∞
# (Y ) are the space of continuous and infinitely

differentiable functions, respectively, in RN that are periodic of period Y . Note that L2
#(Y )

is the completion for the norm of L2(Y ) of C∞
# (Y ). Let (ε) be a sequence of positive numbers

converging to 0. We will utilize functionals of type:

Fε(ψ) =

∫
Ω

uε(x)ψ
(
x,
x

ε

)
dx.
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Here, uε is a function in L2(Ω) and is (or depends on) the solution of a partial differential

equation on Ω with ε-periodic coefficients (i.e. periodic with period ε in each variable). An

admissible test function is defined as follows:

Definition 2.3.1 (Admissible test function [69]). A test function ψ(x, y) ∈ L2[Ω;C#(Y )] is

admissible if it is continuous on Ω̄×RN and for a fixed x, the function y → ψ(x, y) is periodic

with period 1 in each variable. Moreover, for the sequence (ψε)ε>0 with ψε(x) = ψ
(
x, x

ε

)
for

x ∈ Ω, we have:

lim
ε→0

∫
Y

ψ
(
x,
x

ε

)2

dy =

∫
Ω

∫
Y

ψ(x, y)2 dx dy.

In 1989, G. Nguetseng [69] proved the following theorem:

Theorem 2.3.2 (Two-scale convergence [69]). For each bounded sequence (uε) in L2(Ω),

there exists a subsequence, still indexed by ε, and a function u0(x, y) ∈ L2(Ω× Y ) such that

for every sufficiently smooth ψ(x, y) which is Y -periodic in y:

lim
ε→0

∫
Ω

uε(x) ψ
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0(x, y) ψ(x, y) dy dx, (2.15)

G. Allaire [2] defined the type of convergence described by 2.15 as two-scale convergence. The

idea of two-scale convergence makes sense because of the following compactness theorem:

Theorem 2.3.3 (Compactness [2]). For each bounded sequence uε in L2(Ω). we can extract

a subsequence, and there exists a limit u0(x, y) ∈ L2(Ω × Y ) such that this subsequence

two-scale converges to u0.

We also have the following theorem about two-scale convergence and L2 convergence:

Theorem 2.3.4 (L2 convergence [2]). Let (uε) be a sequence in L2(Ω) which two-scale

converges to u0 ∈ L2(Ω × Y ). Then, uε also converges to u(x) =
∫
Y
u0(x, y) dy in L2(Ω)

weakly and, we have

lim
ε→0

‖uε‖L2(Ω) ≥ ‖u0‖L2(Ω×Y ) ≥ ‖u‖L2(Ω). (2.16)
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Furthermore, if equality is achieved on the left part i.e.

lim
ε→0

‖uε‖L2(Ω) = ‖u0‖L2(Ω×Y ) (2.17)

and if u0(x, y) is sufficiently smooth then

lim
ε→0

∥∥∥uε(x)− u0

(
x,
x

ε

)∥∥∥
L2(Ω×Y )

= 0 (2.18)

We have the following lemma:

Lemma 2.3.5 (Existence of a limit [2]). Any function u0(x, y) in L2(Ω× Y ) is attained as

a two-scale limit.

So far we have only considered bounded sequences in L2(Ω), but we also have additional

bounds on sequences of derivatives:

Proposition 2.3.6 (Bounds on derivatives [2]).

(i) Let uε be a bounded sequence in H1(Ω) that converges weakly to a limit u in H1(Ω).

Then, uε two-scale converges to u(x), and there exists a u1(x, y) ∈ L2(Ω;H1
#(Y )/R)

such that, up to a subsequence, ∇u two-scale converges to ∇xu(x) +∇yu1(x, y).

(ii) Let u and ε∇u be two bounded sequences in L2(Ω). Then, there exists a function

u0(x, y) in L2(Ω;H1
#(Y )) such that, up to a subsequence, u and ε∇u two-scale converge

to u0(x, y) and ∇yu0(x, y), respectively.

(iii) Let u be a divergence-free bounded sequence in [L2(Ω)]N , which two-scale converges to

u0(x, y) in [L2(Ω× Y )]N . Then, the two-scale limit satisfies divy u0(x, y) = 0 and∫
Y

divx u0(x, y) dy = 0.

Proposition 2.3.6 allows us to generalize theorems 2.3.2, 2.3.3, 2.3.4 and lemma 2.3.5 to

bounded sequences in Lp(Ω), with 1 < p ≤ ∞.
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2.3.2 Homogenization of linear second-order elliptic equations

In this section, we summarize some of Allaire’s results [2] on two-scale convergence and

homogenization of linear second-order elliptic equations with periodically oscillating coef-

ficients. Let Ω be a bounded open set of R and let f be a given function in L2(Ω). We

consider the following linear second-order elliptic equation:

−div
(
A
(
x,
x

ε

)
∇uε

)
= f on Ω,

uε = 0 on ∂Ω.

(2.19)

Here, A(x, y) defined on Ω × Y is Y -periodic in y and elliptic, which means that for all

ξ ∈ RN , there exist two positive constants 0 < α ≤ β satisfying,

α|ξ|2 ≤
N∑

i,j=1

Aij(x, y)ξiξj ≤ β|ξ|2.

We also require that Aij(x, y) is an admissible test function in the sense of definition 2.3.1:

lim
ε→0

∫
Y

Aij

(
x,
x

ε

)2

dy =

∫
Ω

∫
Y

Aij(x, y)
2 dx dy.

Under these two assumptions, equation (2.19) admits a unique solution uε ∈ H1(Ω), which

satisfies the a priori estimate,

‖uε‖H1(Ω) ≤ C‖f‖L2(Ω),

where C is a positive constant that depends only on Ω and α, and not on ε. Thus, there

exists u ∈ H1(Ω) such that, up to a subsequence, uε converges weakly to u in H1(Ω). The

homogenization of (2.19) amounts to finding the following homogenized problem that admits

the limit u as its unique solution.
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Definition 2.3.7 (Homogenized elliptic problem [2]). The homogenized problem is defined

as:

−div [A∗(x)∇u(x)] = f in Ω,

u = 0 on ∂Ω.

(2.20)

The entries of the matrix A∗ are given by

A∗
ij(x) =

∫
Y

A(x, y)
[
∇ywi(x, y) + ei

]
·
[
∇ywj(x, y) + ej

]
dy, (2.21)

and, for i = 1, . . . , N , wi(x, y) is the solution of the cell problem:

−divy
[
A(x, y)(∇ywi(x, y) + ei)

]
= 0 in Y,

y → wi(x, y) is Y -periodic.
(2.22)

As a result of the cell problem, we have the following theorem:

Theorem 2.3.8 (Covergence of solutions [2]). The sequence uε of solutions of (2.19) con-

verges weakly in H1(Ω) to the unique solution u of (2.20).

This above theorem is established by introducing a two-scale homogenized problem, which

is a combination of the homogenized problem (2.20) and the cell problem (2.22). The two-

scale homogenized problem is a system of two equations with two unknowns, where the

macroscopic and microscopic scales are mixed. It is equivalent to the homogenized system

and the cell problem without any assumptions on the symmetry of the matrix A. The

results summarized in 2.3.1 and the Lax-Millgram lemma are then applied to this two-scale

homogenized problem to recover the convergence result in theorem 2.3.8.

2.3.3 Homogenization of time-harmonic Maxwell’s equations

In this section, we review some homogenization results for time-harmonic Maxwell’s

equations with linear coefficients. Wellander introduced this theory for ε-periodic material
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in 2001 [84] and expanded to the non-linear and fixed-frequency cases in [83, 85]. We adapt

some of this theory to the time-harmonic equations and review some relevant asymptotic

analysis [60]. Let us introduce the homogenized system [60],

Definition 2.3.9 (Homogenized system [60]).

∇× E = iωµH, ∇×H = −iωεeffE + Ja, (2.23)

The heterogeneous permittivity and microscale inclusions have been replaced by the effec-

tive permittivity of the plasmonic crystal which is given by a uniform, frequency dependent

permittivity tensor:

εeff
ij (x) =

∫
Y

ε(x,y)(ej +∇χ T
j ) · (ei +∇χ T

i ) dy

− 1

iω

∫
Σ

σ(x,y)(ejt +∇tχ
T
j ) · (eit +∇tχ T

i ) doy. (2.24)

The corrector χi ∈ H :=
{
ϕ ∈ H1

per(Y,C), ∇tϕ ∈ L2(Σ,C)
}

, i = 1, 2, 3 is given by an

associated cell problem,

∫
Y

ε(x,y)(ei +∇χ T
i ) · ∇ϕ T dy

− 1

iω

∫
Σ

σ(x,y)(eit +∇tχ
T
i ) · ∇tϕ T doy = 0 for all ϕ ∈ H. (2.25)

Here, we have adopted the convention that the gradient is a row vector and ei denotes the

i-th (column) unit vector. The subscript t denotes projection onto the tangential plane of

Σ, and .̄ denotes the complex conjugate of a complex-valued quantity. H1
per(Ω,C) denotes

the Sobolev-space of all complex-valued square-integrable function with square-integrable

partial derivatives defined on the unit cell Y that are periodic in all three space directions,

ϕ(y) = ϕ(y + ei) for i = 1, 2, 3 and for all y ∈ Y . Maier et al. present the following

convergence theorem,
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Theorem 2.3.10 (Convergence of solutions [60]). Under the assumptions (2.8), for all

Ja ∈ L2(Ω;C3), the electric field Ed(x) of (2.12) and the corresponding magnetic field

Hd(x) converge weakly in L2(Ω;C3) to functions E(x) and H(x) satisfying the following

weak form of the homogenized system (2.23):

E ∈ X0, a0(E ,Ψ) =

∫
Ω

iωJa ·Ψ dx ∀Ψ ∈ X0 (2.26)

and

H(x) =
1

iωµ
∇× E(x).

Here, a0 : X0 ×X0 → C is given by

a0(u,v) =

∫
Ω

1

µ
(∇× u) · (∇× v) dx−

∫
Ω

ω2

εeffu · v dx−
∫
∂Ω

iωλuT · vT dσ,

and the function space X0 is defined by

X0 =
{
u ∈ H(curl; Ω) | uT ∈ L2(∂Ω;C3)

}
.

The effective permittivity is the same as (2.24).

We also have the following well-posedness theorem:

Theorem 2.3.11 (Well-posedness of the homogenized system [60]). Under the assump-

tions (2.8), the homogenized problem (2.23) has a unique solution E(x) in X0 for all Ja ∈

L2(Ω;C3).

The proofs of theorems 2.3.10 and 2.3.11 are based on the notion of two-scale convergence

presented in subsections 2.3.1 and 2.3.2. Here we summarize the proof of this theorem based

on the two-scale convergence as presented by Maier et al. [60]. Let Ed(x) be the unique

solution of (2.12) as established. We have a corresponding Hd(x) for x ∈ Ω. Proposition
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2.2.2 implies that Hd ∈ L2(Ω;C3). The weak formulations are [60],

∫
Ω

Ed · (∇×Ψ) dx = iωµ

∫
Ω

Hd ·Ψ dx ∀Ψ ∈ HT (curl; Ω) (2.27)

HT (curl; Ω) := {u ∈ H(curl; Ω) | uT = 0 on ∂Ω}.

∫
Ω

Hd · (∇×Ψ) dx−
∫
∂Ω

λEd ·ΨT dσ +

∫
Ω

iωε(x,x/d)Ed ·Ψ dx

= d

∫
Σd

σ(x,x/d)(Ed)T ·ΨT dσ +

∫
Ω

Ja ·Ψ dx ∀Ψ ∈ Xd.

(2.28)

Our goal is to pass to the limit d→ 0. We start with the following lemma.

Lemma 2.3.12 (Two-scale convergence [60]). Up to a subsequence, the functions Ed(x) and

Hd(x) two-scale converge to functions E(0)(x,y) and H(0)(x,y) in L2(Ω;L2(Y ;C3)) which

satisfy 
E(0)(x,y) = E(x) +∇yϕ(x,y),

H(0)(x,y) = H(x),

for some functions E ,H ∈ L2(Ω;C3) and ϕ(x,y) ∈ L2(Ω;H1
#(Y ;C)).

The proof of this lemma uses the fact that Ed and Hd are bounded in L2(Ω;C), and so we

can apply Theorem 2.3.4 to conclude that there exist some subsequences that converge to

(E(0),H(0)). Using integration by parts and using the test function Ψd(x) = dw(x)Φ(x/d)

with Φ ∈ C∞
# (Y ;C3) and w ∈ D(Ω). Passing to the limit in a way similar to section 2.3.2,

∫
Ω

w(x)

∫
Y

E(0)(x,y) · ∇y ×Φ(y) dy dx = 0.

Similarly, ∫
Ω

w(x)

∫
Y

H(0)(x,y) · ∇y ×Φ(y) dy dx = 0.
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Using a result from Fourier analysis, we arrive at


E(0)(x,y) = E(x) +∇yϕ(x,y),

H(0)(x,y) = H(x) +∇yϕ1(x,y).

From here, the final result is derived using a different test function and the periodic boundary

conditions. For more details, we refer the reader to [60]. We also refer the reader to [60] for

the remaining lemmas that allow for the following theorem as d→ 0,

Theorem 2.3.13 (Well-posedness and two-scale convergence [5, 60]). Let µ ∈ R>0 and let

εd, σd ∈ L∞(Y,Cd×d) be bounded, complex and tensor-valued functions such that Im(εd(x))

and Re(σd(x)) are symmetric and uniformly elliptic. Then, provided Σ is sufficiently smooth

[5, 60], (2.2) & (2.3), (2.23), and (2.25) are well-posed, the solution (Ed,Hd) two-scale

converges to the solution (E ,H) of the homogenized problem (2.23).

The proof of this theorem is not fully presented here and we refer the reader to [60] for a

complete analysis. The main challenge with this proof is establishing,

lim
d→0

d

∫
Σd

(Ed)T ·Ψ(x,x/d) doy =
∫
Ω

∫
Σ

(E(x) +∇yϕ(x,y)))
T ·Ψ(x,y) doydx

To solve this, we employ a similar asymptotic analysis as discussed above and the two-scale

convergence theorems presented in section 2.3.1.

Remark 2.3.14. The above theorem is, strictly speaking, a generalized version of what has

been shown in [5, 60] where the material parameters εd and σd had been assumed to be

scalar (and not tensor-valued coefficients). Proving the generalized statement, however, only

requires minor adjustments to the proofs.

21



3. DEFORMED CELL PROBLEM

We now introduce a deformation and a deformed cell problem. We adopt the notation

that .̂ indicates that a function, coordinate or differential operator is on the reference config-

uration [75]. Let Ŷ and Σ̂ denote a given reference configuration consisting of the unit cell

Ŷ = [0, 1]3 with given (two dimensional) inclusions Σ̂. Let Y and Σ denote the deformed

volume and inclusions. We assume that the deformed geometry is given by a deformation

vector field q̂ ∈ D(Ŷ , Σ̂) of the reference configuration [75],

q̂ : Ŷ → R3, such that Ŷ 3 ŷ ↔ y(ŷ) := ŷ + q̂(ŷ) ∈ Y. (3.1)

We also assume that q̂ is a diffeomorphism that also maps Σ̂ onto Σ bijectively. Figure 3.1

is an example of how such a coordinate transformation would play out in a unit cell with a

graphene inclusion. Note that here, in analogy to the function space H we have introduced,

D(Ŷ , Σ̂) :=
{
ϕ̂ ∈ W 1,∞

0 (Ŷ ) : τ̂ k · ∇̂ϕ̂ ∈ L∞(Σ̂), k = 1, 2
}
. (3.2)

W 1,∞
0 (Ŷ ) shall denotes the Sobolev space of all functions ϕ ∈ W 1,∞

0 (Ŷ ) with vanishing trace

on ∂Ŷ .

Remark 3.0.1. We note that q̂ ∈ D(Ŷ , Σ̂) implies that q̂ is already Lipschitz continuous.

This implies that the trace of q̂ onto Σ and ∂Ω is well defined and also Lipschitz continuous.

Strictly speaking, this renders the condition τ̂ k · ∇̂ϕ̂ ∈ L∞(Σ̂) superfluous.

Now, we introduce a series of definitions and rules that are neccessary for the formulation of

the transformed cell problem.
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ŷ

Reference Ŷ , Σ̂

q̂

y = ŷ + q̂(ŷ)

Deformed Y,Σ

Figure 3.1: The reference configuration of a unit cell Ŷ with a graphene inclusion Σ̂ being
transformed by a deformation q̂ into a deformed configuration Y,Σ.

3.1 Definitions and transformation rules

Definition 3.1.1. The transformation gradient F̂ (ŷ) and determinant Ĵ are given by,

F̂ (ŷ) := I + ∇̂q̂(ŷ), Ĵ(ŷ) := det
(
F̂ (ŷ)

)
. (3.3)

Here, we have adopted the convention that
(
∇̂q̂

)
ij
= ∂

∂ŷj
q̂i and I denotes the unit matrix.

We then have a few lemmas that provide the transformation rules. The proof of these lemmas

are adapted from similar results presented by Richter for the case of fluids [75].

Lemma 3.1.2 (Transformation of gradients). Let ϕ̂(ŷ) be a differentiable function defined

on Ŷ and let ϕ(y) : Y → R be defined by setting ϕ(y) := ϕ̂(ŷ(y)). Then,

∇ϕ(y)T = F̂ (ŷ)−T ∇̂ϕ̂(ŷ)T . (3.4)

Proof. We know that y(ŷ) = ŷ + q̂(ŷ). Then,

∂̂iϕ̂(ŷ)
T = ∂̂iϕ(y(ŷ))

T =
∑
i

∂iϕ(y(ŷ))
T ∂̂iy

j(ŷ) =
∑
i

∂iϕ(y)
T F̂ij(ŷ).
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Hence,

∇̂ϕ̂(ŷ)T = F̂ (ŷ)T∇ϕ(y)T =⇒ ∇ϕ(y)T = F̂ (ŷ)−T ∇̂ϕ̂(ŷ)T .

We note here that the lemma uses ϕ(y)T instead of ϕ(y) due to the way gradients appear

in the effective permittivity tensor (2.24) and cell problem (2.25). Let us define the rules on

the tangents and normals.

Lemma 3.1.3 (Transformation of tangents and normals). Let ν̂ be a (unit) normal field on

Σ̂ and let τ̂ 1, τ̂ 2 be two orthonormal (unit) tangential fields. Then,

ν = F̂ (ŷ)−T ν̂/‖F̂ (ŷ)−T ν̂‖`2 , τ i = F̂ (ŷ)τ̂ i/‖F̂ (ŷ)τ̂ i‖`2 , i = 1, 2.

are a (unit) normal field and orthonormal tangential fields on Σ.

Proof. The transformation of the unit normal ν is a direct consequence of Nanson’s formula,

which is a fundamental relation in continuum mechanics that links differential areas in the

reference (undeformed) configuration and the current (deformed) configuration through the

deformation gradient. We refer the reader to [73, p. 61] for details. The tangent transfor-

mations are derived using orthonormality of τ i and ν and the transformation for ν.

Lemma 3.1.4 (Transformation of volume and area elements). With the definitions presented

above, we also have:

dy = Ĵ dŷ, doy = ‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ. (3.5)

Proof. The transformation formula for dy is a simple substitution ŷ into the unit integral:

∫
Y

1 dy =

∫
Ŷ

det( I + ∇̂q̂(ŷ)) dŷ =

∫
Ŷ

Ĵ dŷ.
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As for doy, this is the Nanson’s formula and we once again refer the reader to [73, p. 61]

for the complete proof.

Lemma 3.1.5. In the setting of Lemmas 3.1.2 and 3.1.3 we have the identity

∇tϕ =
∑
k

τ kτ
T
k (F̂ (ŷ)

−T ∇̂ϕ̂) =
∑
k

F̂ (ŷ)τ̂ k

‖F̂ (ŷ)τ̂ k‖2`2
τ̂ k · ∇̂ϕ̂.

Proof. The statement is a direct consequence of Lemmas 3.1.2 and 3.1.3 and the fact that,

∇tϕ =
∑
k

τ kτ
T
k∇ϕ.

We are now prepared to define the transformed effective permittivity tensor and the deformed

cell problem.

3.2 Transformed εeff and deformed cell problem

We are now in a position to recast (2.24) and (2.25) from definition 2.3.9 in reference

coordinates. We introduce the function space,

H(Ŷ , Σ̂) :=
{
ϕ̂ ∈ H1

per(Ŷ ,C) : τ̂ k · ∇̂ϕ̂ ∈ L2(Σ̂,Cd×d), k = 1, 2
}
.

Definition 3.2.1. The effective permittivity tensor in the reference coordinates is given by

εeff
ij (χ̂; q̂) =

∫
Ŷ

ε(x,y(ŷ))(ej + F̂ (ŷ)−T ∇̂χ̂ T
j ) · (ei + F̂ (ŷ)−T ∇̂χ̂ T

i )Ĵ dŷ

− 1

iω

∫
Σ̂

σ(x,y(ŷ))
(
ejt +

∑
k

τ kτ
T
k F̂ (ŷ)

−T ∇̂χ̂ T
j

)
·
(
eit +

∑
k

τ kτ
T
k F̂ (ŷ)

−T ∇̂χ̂ T
i

)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ. (3.6)
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and the corrector χ̂ =
(
χ̂i

)3
i=1

∈ H(Ŷ , Σ̂) is determined by,

E(χ̂, ϕ̂; q̂) = 0 for all ϕ̂ ∈ H(Ŷ , Σ̂), (3.7)

where,

E(χ̂, ϕ̂; q̂) :=

∫
Ŷ

ε(x,y(ŷ))(I + F̂ (ŷ)−T ∇̂χ̂ T ) · (F̂ (ŷ)−T ∇̂ϕ̂ T )Ĵ dŷ

− 1

iω

∫
Σ̂

σ(x,y(ŷ))
(∑

k

τ kτ
T
k

(
I + F̂ (ŷ)−T ∇̂χ̂ T

))
·
(∑

k

τ kτ
T
k F̂ (ŷ)

−T ∇̂ϕ̂ T
)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ. (3.8)

Here, I is the unit matrix. We note that σ(x,y(ŷ)) and ε(x,y(ŷ)), still denote tensors

acting on gradients in transformed (non-reference) coordinates.

Before we move on to well-posedness and regularity of our problem, we introduce two

transformed tensors:

ε̂(x, ŷ) := F̂ (ŷ)−1ε(x,y(ŷ))F̂ (ŷ)−T Ĵ , σ̂(x, ŷ) :=
∑
mn

σ̂mn τ̂mτ̂
T
n , (3.9)

where σ̂mn :=
σmn(x,y(ŷ))‖F̂ (ŷ)−T ν̂‖`2 Ĵ
‖F̂ (ŷ)τ̂m‖2`2‖‖F̂ (ŷ)τ̂ n‖2`2

,

and σmn is defined by σ(x,y(ŷ)) =:
∑

mn σmn τmτ
T
n . We make the following observations:

Lemma 3.2.2 (Boundedness of the tensors (3.9)). Assume that q̂(ŷ) ∈ D(Ŷ , Σ̂) and 0 <

δ ≤ Ĵ(ŷ) is uniformly bounded. Then, the tensors ε̂(ŷ) and σ̂(ŷ) are bounded, complex and

tensor-valued functions and Re (ε̂(ŷ)) and Im(σ̂(ŷ)) are symmetric, Im(ε̂(ŷ)) and Re(σ̂(ŷ))

are symmetric and uniformly elliptic with a constant depending on δ.

Proof. We know that q̂(ŷ) ∈ D(Ŷ , Σ̂) implying that Ĵ and F (ŷ) are bounded with respect

to ‖.‖L∞ . Moreover, ε(x,y(ŷ)), σ(x,y(ŷ)) are bounded, complex and tensor valued by

assumption. Therefore, ε̂(x, ŷ) and σ̂(x, ŷ) are by construction also bounded, complex
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and tensor valued. Simultaneous multiplication by a tensor from the left and its transpose

from the right preserves symmetry, and so does scaling and multiplication by Ĵ . Therefore,

Re ε̂(x, ŷ), Im ε̂(x, ŷ), Re σ̂(x, ŷ), and Im σ̂(x, ŷ) are symmetric owing to the symmetry of

ε(x,y) and σ(x,y). Similarly, the uniform ellipticity of Im ε̂(x, ŷ) and Re σ̂(x, ŷ) is a direct

consequence of the uniform ellipticity of Im ε(x,y) and Reσ(x,y) and the uniform lower

bound on the determinant of the deformation gradient: 0 < δ < Ĵ(ŷ).

Using the transformed tensors, we have the following transformed system:

Lemma 3.2.3 (Equivalence of the problems). The bilinear term (3.8) can be equivalently

written as follows:

E(χ̂, ϕ̂; q̂) :=

∫
Ŷ

ε̂(x, ŷ)
(
F̂ (ŷ)T + ∇̂χ̂ T

)
· ∇̂ϕ̂ T dŷ

− 1

iω

∫
Σ̂

σ̂(x, ŷ)
(
(F̂ (ŷ)T )t̂ + ∇̂t̂χ̂

T
)
· ∇̂t̂ϕ̂

T dôŷ. (3.10)

Similarly, (3.6) takes the form:

εeff
ij (χ̂; q̂) =

∫
Ŷ

ε̂(x, ŷ)
(
F̂ (ŷ)Tej + ∇̂χ̂ T

j

)
·
(
F̂ (ŷ)Tei + ∇̂χ̂ T

i

)
dŷ

− 1

iω

∫
Σ̂

σ̂(x, ŷ)
(
(F̂ (ŷ)Tej)t̂ + ∇̂t̂χ̂

T
j

)
·
(
(F̂ (ŷ)Tei)t̂ + ∇̂t̂χ̂

T
i

)
dôŷ. (3.11)

Proof. We start with (3.8). Substituting σmn given in (3.9) and using Lemma 3.1.5 for

transforming τm and τ n gives:

E(χ̂, ϕ̂; q̂) =

∫
Ŷ

ε(x,y(ŷ))(F̂ (ŷ)−T F̂ (ŷ)T + F̂ (ŷ)−T ∇̂χ̂ T ) · (F̂ (ŷ)−T ∇̂ϕ̂ T )Ĵ dŷ

− 1

iω

∑
m,n

∫
Σ̂

σmn

( F̂ (ŷ)τ̂m

‖F̂ (ŷ)τ̂m‖
·
(
F̂ (ŷ)−T F̂ (ŷ)T + F̂ (ŷ)−T ∇̂χ̂ T

))
·
( F̂ (ŷ)τ̂ n

‖F̂ (ŷ)τ̂ n‖
· F̂ (ŷ)−T ∇̂ϕ̂ T

)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ.
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After some more simplifications and using the definitions of ε̂(x, ŷ) and σ̂mn from equation

(3.9):

E(χ̂, ϕ̂; q̂) =

∫
Ŷ

ε̂(x, ŷ)(F̂ (ŷ)T + ∇̂χ̂ T ) · (∇̂ϕ̂ T )Ĵ dŷ

− 1

iω

∑
m,n

∫
Σ̂

σ̂mn

(
τ̂m · (F̂ (ŷ)T + ∇̂χ̂ T )

)
(
τ̂ n · ∇̂ϕ̂ T

)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ = 0.

Now using the definition for σ̂(x, ŷ) given in (3.9) yields (3.10). Equation (3.6) can be

transformed into (3.11) in a similar fashion.

So, our final transformed problem is defined as follows:

Definition 3.2.4 (Transformed homogenized system). The effective permittivity tensor in

the reference coordinates is given by

εeff
ij (χ̂; q̂) =

∫
Ŷ

ε̂(x, ŷ)
(
F̂ (ŷ)Tej + ∇̂χ̂ T

j

)
·
(
F̂ (ŷ)Tei + ∇̂χ̂ T

i

)
dŷ

− 1

iω

∫
Σ̂

σ̂(x, ŷ)
(
(F̂ (ŷ)Tej)t̂ + ∇̂t̂χ̂

T
j

)
·
(
(F̂ (ŷ)Tei)t̂ + ∇̂t̂χ̂

T
i

)
dôŷ.

and the corrector χ̂ =
(
χ̂i

)3
i=1

∈ H(Ŷ , Σ̂) is determined by

E(χ̂, ϕ̂; q̂) = 0 for all ϕ̂ ∈ H(Ŷ , Σ̂),

where,

E(χ̂, ϕ̂; q̂) :=

∫
Ŷ

ε̂(x, ŷ)
(
F̂ (ŷ)T + ∇̂χ̂ T

)
· ∇̂ϕ̂ T dŷ

− 1

iω

∫
Σ̂

σ̂(x, ŷ)
(
(F̂ (ŷ)T )t̂ + ∇̂t̂χ̂

T
)
· ∇̂t̂ϕ̂

T dôŷ.
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3.3 Well-posedness and regularity

To set up for shape optimization, we prove that our problem 3.2.4 is well-posed.

Theorem 3.3.1 (Well-posedness). Under the assumptions on the deformation field q̂(ŷ) as

stated in Lemma 3.2.2 problem (3.7) is well-posed.

Proof. Lemma 3.1.5 ensures that equation (3.7) is the same as (2.25) with modified material

tensors and a modified forcing. Lemma 3.2.2 ensures that all assumptions on the material

tensors stated in Theorem 2.3.13 hold true. Well-posedness is thus an immediate consequence

of Theorem 2.3.13.

We now introduce a some regularity and robustness results that will be used later to

justify the optimization approach.

Theorem 3.3.2 (A priori estimate). For the unique solution χ̂ ∈ H(Ŷ , Σ̂) to (3.7), we have

the following a priori estimate:

‖∇̂χ̂‖2
L2(Ŷ )

+
1

ω
‖∇̂t̂χ̂‖2L2(Σ̂)

≤ C

(
‖ε̂(x, ŷ)‖2

L∞(Ŷ )
‖F̂ T‖2

L2(Ŷ )
+

1

ω
‖σ̂(x, ŷ)‖2

L∞(Σ̂)
‖F̂ T‖2

L2(Σ̂)

)

for a constant C > 0 only depending on Σ̂ and the lower bound δ of Ĵ(x̂) as defined in

Lemma 3.2.2.

Proof. The statement is a consequence of Lemmas 3.2.2 and 3.2.3. We start by testing (3.10)

with ϕ̂ = χ̂(q̂) and taking the imaginary part. Recalling that Re ε̂, Im ε̂, Re σ̂, Im σ̂ are

symmetric by virtue of Lemma 3.2.2 we arrive at

∫
Ŷ

Im ε̂ ∇̂χ̂ T · ∇̂χ̂ T dŷ +
1

ω

∫
Σ̂

Re σ̂ ∇̂t̂χ̂
T · ∇̂t̂χ̂

T dôŷ

= −Im
{∫

Ŷ

ε̂
(
F̂ (ŷ)T

)
· ∇̂χ̂ T dŷ +

1

iω

∫
Σ̂

σ̂
(
F̂ (ŷ)T

)
t̂
· ∇̂t̂χ̂

T dôŷ

}
.
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The statement now follows from using Young’s inequality for both terms on the right side

and uniform ellipticity of Im ε̂ and Re σ̂ with a δ-dependent constant that was established

in Lemma 3.2.2.

Theorem 3.3.3 (Bounds on second derivatives). Let Σ̂ be a smooth, closed hypersurface,

i. e., ∂Σ̂ = 0. Suppose there exist a smooth, Ŷ -periodic extensions τ̂ i(x) : Ŷ → Rn of the

tangential fields τ̂ i with |τ̂ i(x)| ≤ 1 for all x ∈ Ŷ . Then, under the assumptions stated in

Theorem 3.3.2 and provided that ε̂(x, ŷ) and σ̂(x, ŷ) are sufficiently regular the following

stability estimate holds true:

‖∇̂∇̂t̂χ̂‖2L2(Ŷ )
+

1

ω
‖∇̂t̂∇̂t̂χ̂‖2L2(Σ̂)

≤ C max
{
‖ε̂(x, ŷ)‖2

W 1,∞(Ŷ )
,
1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)

}
×

{
‖ε̂(x, ŷ)‖2

W 1,∞(Ŷ )
‖F̂ Tei‖2H1(Ŷ )

+
1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)
‖F̂ Tei‖2H1(Σ̂)

}
. (3.12)

Here, the constant C only depends on Σ̂ and the chosen extension of τ̂ .

In order to show regularity we follow the well-established strategy of introducing a differ-

ence quotient and then passing to the limit; see for example [27]. For the sake of complete-

ness, we restate and generalize the argument here so that it can be applied to our case of a

periodic domain with a curved hypersurface. A number of preparatory steps are in order.

Definition 3.3.4. Let η(x) : Ŷ → Rn be a smooth, Ŷ -periodic vector field with η(ŷ)·n(ŷ) =

0 for ŷ ∈ Σ̂, where n denotes a fixed normal field on Σ̂, and assume that η(ŷ) = 0 for

ŷ ∈ ∂Σ̂.

a) For ŷ ∈ Ŷ let ξη,ŷ : R → Ŷ be the integral curve of η with ξη,ŷ(0) = ŷ and d
dsξη,ŷ(s) =

η(ξη,ŷ(s)) for all s ∈ R. Here, by slight abuse of notation, we equip Ŷ with a toroidal

topology by identifying opposing periodic boundaries, so that ξη,ŷ admits R as domain

of definition.

b) Introduce a transformation, Th : Ŷ → Ŷ characterized by Th(ŷ) := ξη,ŷ(h).
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c) For a given f ∈ C∞
per(Ŷ ) and h > 0 introduce two difference operators:

∇̂h
ηf(ŷ) :=

f
(
Th(ŷ)

)
− f(ŷ)

h
, ∇̂−h

η f(ŷ) :=
f(ŷ)− f

(
T−h(ŷ)

)
κ(ŷ)

h
.

Here, κ(ŷ) := det
(
∇T−h(ŷ)

)
.

We have the following results at hand:

Lemma 3.3.5. Let η be a vector field as characterized in definition 3.3.4. Then, for all

f, g ∈ C∞
per(Ŷ ) and under the assumption that h > 0 is sufficiently small it holds that

(1.) Th and T−h are automorphisms on Ŷ and Σ̂, with T−h ◦ Th = Id,

(2.) |∇κ(ŷ)| ≤ c h max
(
|∇η|∞(ŷ), |∇2η(ŷ)|∞

)
for all ŷ ∈ Ŷ ,

(3.)
∫
Ŷ

(∇̂h
ηf(ŷ))g(ŷ) dŷ = −

∫
Ŷ

f(ŷ)(∇̂−h
η g(ŷ)) dŷ,

(4.)
∫
Σ̂

(∇̂h
ηf(ŷ))g(ŷ) dôŷ = −

∫
Σ̂

f(ŷ)(∇̂−h
η g(ŷ)) dôŷ,

(5.) ∇̂h
η(fg)(ŷ) = f(Th(ŷ))(∇̂h

ηg)(ŷ) + (∇̂h
ηf)(ŷ)g(ŷ),

(6.) lim
h→0

∇̂h
ηf(ŷ) = η(ŷ) · ∇̂f(ŷ) =: ∇̂ηf(ŷ).

Proof. (1.) The integral curve ξη,ŷ(s) is described by an initial value problem with smooth

right hand side on Ŷ . Thus, by virtue of the Picard-Lindelöf theorem a unique solution

ξη,ŷ(s) exists. Moreover, ξη,ŷ(s) depends smoothly on the initial data ŷ and the differential

∇ŷξη,ŷ(s) is given by an initial value problem

∇ŷξη,ŷ(0) = I,
d
ds∇ŷξη,ŷ(s) = ∇η(ξη,ŷ(s))∇ŷξη,ŷ(s). (3.13)

This shows that the transformation Th(ŷ) = ξη,ŷ(h) is a well-defined differentiable function.

Moreover, owing to the compactness of Ŷ there exists an h0 such that ‖∇Th(ŷ)−I‖ ≤ δ < 1

for all ŷ ∈ Ŷ and |h| ≤ h0. This implies that Th is injective for |h| ≤ h0. A consequence of

the initial value problem of the integral curves is the fact that ξη,ỹ(−h) = ŷ for ỹ = ξη,ŷ(h)
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for all ŷ ∈ Ŷ . This implies that T−h ◦ Th = Id.

(2.) We first observe that ∇κ(ŷ) is a sum of products of (d− 1) entries of ∇ŷξη,ŷ(h) and

one entry of the tensor of second derivatives ∇2
ŷξη,ŷ(h). This implies that,

|∇κ(ŷ)|∞ ≤ c |∇ŷξη,ŷ(h)|d−1
∞ |∇2

ŷξη,ŷ(h)|∞ ≤ c |∇2
ŷξη,ŷ(h)|∞,

where for the second inequality we increased the constant c with a uniform bound on

∇ŷξη,ŷ(h) that was established for |h| ≤ h0 in (1.). We now observe that ∇2
ŷŷη,ŷ(0) = 0.

The tensor of second derivatives obeys an initial value problem similarly to (3.13) but with

a right hand side involving ∇η(ŷ) and ∇2η(ŷ):

d
ds∇

2
ŷξη,ŷ(s) = (∇2η(ξη,ŷ(s))∇ŷξη,ŷ(s)

)
· ∇ŷξη,ŷ(s) +∇η(ξη,ŷ(s))∇2

ŷξη,ŷ(s).

Integrating the differential equation and using the initial condition we get,

|∇2
ŷξη,ŷ(h)|∞ ≤ c

∫ h

0

max
(
|∇η|, |∇2η|

)
(ξη,ŷ(s))ds.

possibly shrinking h0 again with a compactness argument now establishes,

|∇2
ŷξη,ŷ(h)|∞ ≤ ch max

(
|∇η|∞(ŷ), |∇2η(ŷ)|∞

)
.

(3.) By definition,

∫
Ŷ

(∇̂h
ηf(ŷ))g(ŷ) dŷ =

∫
Ŷ

f(Th(ŷ))

h
g(ŷ) dŷ −

∫
Ŷ

f(ŷ)

h
g(ŷ) dŷ
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Applying the transformation ŷ 7→ T−h(ŷ) and exploiting Ŷ -periodicity gives,

=

∫
Ŷ

f(ŷ)

h
g(T−h(ŷ))κ(ŷ) dŷ −

∫
Ŷ

f(ŷ)

h
g(ŷ) dŷ

= −
∫
Ŷ

f(ŷ)(∇̂−h
η g(ŷ)) dŷ.

(4.) The proof of this statement is similar to (1.) with the important detail that we have

to establish that the transformed surface element is given by κ(ŷ) dôŷ. By definition of η we

have η(ŷ) · n(ŷ) = 0 for ŷ ∈ Σ̂. This implies that Σ̂ is parallel to integral curves and as a

consequence we have that,

∇̂Th(ŷ) '


∂τ1(Th · τ 1) ∂τ2(Th · τ 1) ∂n(Th · τ 1)

∂τ1(Th · τ 2) ∂τ2(Th · τ 2) ∂n(Th · τ 2)

0 0 1

 ,

when expressing the Jacobian of Th(ŷ) for ŷ ∈ Σ̂ in a local coordinate system spanned by

(n, τ 1, τ 2).

(5.) An elementary calculation shows:

∇̂h
η(fg)(ŷ) =

f(Th(ŷ))g(Th(ŷ))− f(Th(ŷ))g(ŷ)

h

+
f(Th(ŷ))g(ŷ)− f(ŷ)g(ŷ)

h

= f(Th(ŷ))(∇̂h
ηg)(ŷ) + g(ŷ)(∇̂h

ηf)(ŷ).

(6.) This is an immediate consequence of the differentiability of f(ŷ) and the L’Hôpital

theorem.

With this definition and lemma, we prove the following intermediate result:
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Proposition 3.3.6. Let η(x) : Ŷ → Rn be a smooth, Ŷ -periodic vector field with η(ŷ) ·

n(ŷ) = 0 for ŷ ∈ Σ̂, as well as η(ŷ) = 0 for all ŷ ∈ ∂Σ̂. Let χ̂ ∈ H be the solution to

(2.25). Then, provided that ε(x, ŷ), σ(x, ŷ) and q̂(ŷ) are sufficiently regular:

‖∇̂∇̂ηχ̂‖2L2(Ŷ )
+

1

ω
‖∇̂t̂∇̂ηχ̂‖2L2(Σ̂)

≤ C max
{
1, ‖∇̂η‖L∞(Ŷ ), ‖∇̂

2η‖L∞(Ŷ )

}
×

{
‖ε̂(x, ŷ)‖2

W 1,∞(Ŷ )
‖∇̂χ̂‖2

L2(Ŷ )
+

1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)
‖∇̂t̂χ̂‖2L2(Σ̂)

+ ‖ε̂(x, ŷ)‖2
W 1,∞(Ŷ )

‖F̂ Tei‖2H1(Ŷ )
+

1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)
‖F̂ Tei‖2H1(Σ̂)

}
. (3.14)

Proof. Above assumptions on η(ŷ) ensure that ϕ̂ := ∇̂−h
η ∇̂h

η χ̂ ∈ H. Testing (3.7) with this

choice of test function ϕ̂ and taking the real part:

∫
Ŷ

Re ε̂ ∇̂χ̂ T · ∇̂∇̂−h
η ∇̂h

ηχ̂
T
dŷ +

1

ω

∫
Σ̂

Im σ̂ ∇̂t̂χ̂
T · ∇̂t̂∇̂−h

η ∇̂h
ηχ̂

T
dôŷ

= −Re
{∫

Ŷ

ε̂(x, ŷ)(F̂ (ŷ)T ) · ∇̂∇̂−h
η ∇̂h

ηχ̂
T
dŷ

+
1

iω

∫
Σ̂

σ̂(x, ŷ)(F̂ (ŷ)T )t̂ · ∇̂t̂∇̂−h
η ∇̂h

ηχ̂
T
dôŷ

}
. (3.15)

We now wish to move the difference operator ∇̂−h
η from the testfunction over to χ̂(q̂) and

the forcing terms but we are faced with the issue that due to the curvature encoded in η(ŷ)

the operators ∇̂, ∇̂t̂, ∇̂−h
η , ∇̂h

η do not necessarily commute. Observe, for example, that

[∇̂, ∇̂−h
η ]f(ŷ) = ∇̂f

(
T−h(ŷ)

)
∇̂η(ŷ)κ(ŷ) + f

(
T−h(ŷ)

)∇̂κ(ŷ)
h

, (3.16)

where [., .] denotes the commutator. Lemma 3.3.5(2.) establishes that

|κ(ŷ)/h|∞ ≤ c max
(
|∇2η(ŷ)|∞, |∇2η(ŷ)|∞

)
. Applying this result to (3.16) and taking the

limit h→ 0 on the right hand side yields

∥∥[∇̂, ∇̂−h
η ]f(ŷ)

∥∥
L2(Ŷ )

≤ C max
{
1, ‖∇̂η‖L∞(Ŷ ), ‖∇̂

2η‖L∞(Ŷ )

}∥∥∇̂f(ŷ)‖L2(Ŷ ), (3.17)
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where we have used a Poincaré inequality valid for periodic f(ŷ). A similar result holds

for all other commutator pairings. Then, moving the difference operator and applying the

integration by parts formula and product rule formula established in Lemma 3.3.5 we arrive

at

∫
Ŷ

Re ε̂(x, Th(ŷ)) ∇̂∇̂h
ηχ̂

T · ∇̂∇̂h
ηχ̂

T
+ (∇̂h

ηRe ε̂) ∇̂χ̂ T · ∇̂∇̂h
ηχ̂

T
dŷ

+
1

ω

∫
Σ̂

Im σ̂(x, Th(ŷ))∇̂t̂∇̂h
ηχ̂

T · ∇̂t̂∇̂h
ηχ̂

T
+ (∇̂h

ηIm σ̂)∇̂t̂χ̂
T · ∇̂t̂∇̂h

ηχ̂
T
dôŷ

= −Re
{∫

Ŷ

∇̂h
η

{
ε̂(x, ŷ)(F̂ (ŷ)T )

}
· ∇̂∇̂h

ηχ̂
T
dŷ

+
1

iω

∫
Σ̂

∇̂h
η

{
σ̂(x, ŷ)(F̂ (ŷ)T )t̂

}
· ∇̂t̂∇̂h

ηχ̂
T
dôŷ

}
+

{
commutator terms

}
, (3.18)

where we have collected all commutator terms in the last term (and discuss them further

down below). Proceeding again as in the proof for Theorem 3.3.2 by using Young’s inequality

for all terms on the right hand side and uniform ellipticity of Re ε̂ and Im σ̂ yields:

‖∇̂∇̂h
ηχ̂‖2L2(Ŷ )

+
1

ω
‖∇̂t̂∇̂h

ηχ̂‖2L2(Σ̂)

≤ C
{
‖ε̂(x, ŷ)‖2

W 1,∞(Ŷ )
‖∇̂χ̂‖2

L2(Ŷ )
+

1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)
‖∇̂t̂χ̂‖2L2(Σ̂)

+ ‖ε̂(x, ŷ)‖2
W 1,∞(Ŷ )

‖F̂ T‖2
H1(Ŷ )

+
1

ω
‖σ̂(x, ŷ)‖2

W 1,∞(Σ̂)
‖F̂ T‖2

H1(Σ̂)

+
∣∣commutator terms

∣∣} (3.19)

In the estimate above we have passed to the limit, h→ 0, on the right hand side.
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As a last step we will discuss the commutator terms. The volume integral over Ŷ , for

example, gives rise to the following terms:

(a) =

∫
Ŷ

Re ε̂ ∇̂χ̂ T · [∇̂, ∇̂−h
η ]∇̂h

ηχ̂
T
dŷ

+

∫
Ŷ

Re ε̂(Th(ŷ)) [∇̂, ∇̂h
η ]χ̂

T · ∇̂∇̂h
ηχ̂

T
dŷ

+Re
{∫

Ŷ

ε̂(x, ŷ)(F̂ (ŷ)T ) · [∇̂, ∇̂−h
η ]∇̂h

ηχ̂
T
dŷ

}
.

Applying (3.17) allows us to estimate (a) by

∣∣(a)∣∣ ≤ C ‖ε̂(x, ŷ)‖L∞(Ŷ ) max
{
1, ‖∇̂η‖L∞(Ŷ ), ‖∇̂

2η‖L∞(Ŷ )

}
‖∇̂∇̂h

ηχ̂‖L2(Ŷ )

{
‖∇̂χ̂‖L2(Ŷ ) + ‖F̂ T‖H1(Ŷ )

}
.

This expression can again be absorbed into the remaining terms of (3.19) by changing the

constant C to Cmax{1, ‖∇̂η‖L∞(Ŷ ), ‖∇̂2η‖L∞(Ŷ )}. An analogous result holds for all terms

arising from the surface integral over Σ̂. Passing to the limit h→ 0 on the left side [27] now

shows the final estimate given in (3.14).

Proof of Theorem 3.3.3. Estimate (3.12) is an immediate consequence of Proposition 3.3.6

by setting η = τ̂ i and using Theorem 3.3.2 to estimate the ‖∇̂χ̂‖L2(Ŷ ) and ‖∇̂t̂χ̂‖L2(Σ̂) terms

on the right hand side of (3.14).

3.4 Lipschitz dependence on q̂

The Lipschitz continuity of q̂ 7→ χ̂(q̂) implies that this mapping is already Gâteaux

differentiable almost everywhere, see, e.g., [10]. This justifies to take Gâteaux derivatives

with respect to the control q̂ in the adjoint formulation; see Chapter 4.

Theorem 3.4.1 (Lipschitz dependence). Under the assumptions on the deformation field

q̂(ŷ) as stated in Lemma 3.2.2, the corrector χ̂(q̂) given by the cell problem (3.7) depends at

least Lipschitz-continuously on q̂. More precisely, let q̂1, q̂2 ∈ D(Ŷ , Σ̂) be arbitrarily chosen
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such that the assumptions of Lemma 3.2.2 are satisfied. Let χ̂1, χ̂2 ∈ H(Ŷ , Σ̂) denote the

solutions to (3.7) for deformation fields q̂1 and q̂2, respectively. Then, assuming that q̂1 is

suitably close to q̂2, we have:

‖∇̂(χ̂1 − χ̂2)‖2L2(Ŷ )
+

1

ω
‖∇̂t̂(χ̂1 − χ̂2)‖2L2(Σ̂)

≤ C(q̂)
{
‖ε̂1(x, ŷ)− ε̂2(x, ŷ)‖2L∞(Ŷ )

+
1

ω
‖σ̂1(x, ŷ)− σ̂2(x, ŷ)‖2L∞(Σ̂)

}
≤ C(q̂2)

{
‖q̂1 − q̂2‖2L∞(Ŷ )

+ ‖q̂1 − q̂2‖2L∞(Σ̂)

}
, (3.20)

where the constant C only depends on F̂2(ŷ) and thus on q̂2.

Proof. We begin with E(χ̂1 − χ̂2, χ̂1 − χ̂2; q̂1). Setting F̂1(ŷ) := I + ∇̂q̂1(ŷ), F̂2(ŷ) :=

I + ∇̂q̂2(ŷ) and correspondingly, Ĵ1, Ĵ2, ε̂1(x, ŷ), ε̂2(x, ŷ), σ̂1(x, ŷ), σ̂2(x, ŷ), we observe

that

E(χ̂1 − χ̂2,χ̂1 − χ̂2; q̂1) = E(χ̂2, χ̂2 − χ̂1; q̂1)− E(χ̂2, χ̂2 − χ̂1; q̂2)

=

∫
Ŷ

{
ε̂1(x, ŷ)− ε̂2(x, ŷ)

}
∇̂χ̂ T

2 · ∇̂(χ̂2 − χ̂1)
T dŷ

− 1

iω

∫
Σ̂

{
σ̂1(x, ŷ)− σ̂2(x, ŷ)

}
∇̂t̂(χ̂2 − χ̂2)

T · ∇̂t̂χ̂
T
2 dôŷ

+

∫
Ŷ

{
ε̂1(x, ŷ)F̂1(ŷ)

T − ε̂2(x, ŷ)F̂2(ŷ)
T
}
· ∇̂(χ̂2 − χ̂1)

T dŷ

− 1

iω

∫
Σ̂

{
σ̂1(x, ŷ)(F̂1(ŷ))

T
t − σ̂2(x, ŷ)(F̂2(ŷ))

T
t

}
· ∇̂t̂(χ̂2 − χ̂1)

T dôŷ.
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Now, proceeding as in the proof of Theorem 3.3.2

‖∇̂(χ̂1 − χ̂2)‖2L2(Ŷ )
+

1

ω
‖∇̂t̂(χ̂1 − χ̂2)‖2L2(Σ̂)

≤ C
{
‖ε̂1(x, ŷ)− ε̂2(x, ŷ)‖L∞(Ŷ )‖∇̂χ̂2‖L2(Ŷ )‖∇̂(χ̂2 − χ̂1)‖L2(Ŷ )

+
1

ω
‖σ̂1(x, ŷ)− σ̂2(x, ŷ)‖L∞(Σ̂)‖∇̂t̂χ̂2‖L2(Σ̂)‖∇̂t̂(χ̂2 − χ̂1)‖L2(Σ̂)

+ ‖ε̂1(x, ŷ)F̂1(ŷ)
T − ε̂2(x, ŷ)F̂2(ŷ)

T‖L2(Ŷ )‖∇̂(χ̂2 − χ̂1)‖L2(Ŷ )

+
1

ω
‖σ̂1(x, ŷ)F̂1(ŷ)

T − σ̂2(x, ŷ)F̂2(ŷ)
T‖L2(Σ̂‖∇̂t̂(χ̂2 − χ̂1)‖L2(Σ̂)

}

Young’s inequality allows to absorb all factors with differences χ̂2 − χ̂1 into the left hand

side, and the factors ‖∇̂χ̂2‖L2(Ŷ ) and ‖∇̂t̂χ̂2‖L2(Σ̂) can be bounded by a constant C(q̂2) only

depending on q̂2 (and the shape Σ̂); see Theorem 3.3.2. In summary this implies that

‖∇̂(χ̂1 − χ̂2)‖2L2(Ŷ )
+

1

ω
‖∇̂t̂(χ̂1 − χ̂2)‖2L2(Σ̂)

≤ C(q̂)
{
‖ε̂1(x, ŷ)− ε̂2(x, ŷ)‖2L∞(Ŷ )

+
1

ω
‖σ̂1(x, ŷ)− σ̂2(x, ŷ)‖2L∞(Σ̂)

}
.

The final inequality now follows from the fact that for a fixed coordinate ŷ the tensors ε and

σ depend analytically on q̂; see (3.9).
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4. SHAPE OPTIMIZATION PROBLEM

The previous section establishes that the effective permittivity tensor εeff(χ̂; q̂) given by

(3.11) enjoys a sufficient degree of regular dependence on q̂ to formulate an optimization

problem; and solve it by means of derivative based optimization methods. To this end, we

introduce a cost functional with the target to minimize the Frobenius norm between εeff(χ̂, q̂)

and a given target permittivity tensor. This quantity is the deviation.

Definition 4.0.1 (Cost function). For a given target tensor εtarget, introduce a cost function

C(χ̂; q̂) :=
1

2

∥∥εeff(χ̂, q̂)− εtgt.∥∥2

Fr. +
α

2
‖∇q̂‖2w + β

∫
Ŷ

P (ŷ; q̂) dŷ, (4.1)

‖∇q̂‖2w :=

∫
Y

w(ŷ)|∇q̂|2 dŷ, P (ŷ; q̂) :=


1
2

(Ĵ(ŷ)−1)2

|Ĵ(ŷ)|+Ĵ(ŷ)
if Ĵ(ŷ) < 1,

1
2
(Ĵ(ŷ)− 1)2 if Ĵ(ŷ) ≥ 1.

In addition to the deviation, we have the regularization term α
2
‖∇q̂‖2w. α > 0 is an

appropriately chosen Tikhonov regularization parameter and w(ŷ) > 0 is a weight function

that is chosen during the experiments. This regularization term ensures the shape changes

remain smooth and physically feasible by providing some control over the derivative of the

deformation.

Finally, we have the term β
∫
Ŷ
P (ŷ; q̂) dŷ, with coefficient β > 0. This is a penalty on the

deviation of transformation determinant from Ĵ = 1 and also ensures that the transformation

gradient remains positive. The specific choice of P ∗ ŷ; q̂) was made based on computational

stability and efficiency. A particular difficulty that has to be addressed is the necessity to

maintain a lower bound, Ĵ ≥ δ > 0, on the transformation determinant.
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The penalty term P (ŷ; q̂) is chosen to provide a barrier that enforces positivity of the

transformation gradient Ĵ and penalizes a deviation away from 1. Strictly speaking, this

penalty only enforces positivity of the transformation gradient, Ĵ > 0, but not a uniform

lower bound. This is not a problem for the discretized setting of our numerical computations

(see Section 5.2) because the finite dimensionality will ensure that Ĵ remains bounded away

from 0, though with a possibly discretization dependent constant δh. Nevertheless, if a

guaranteed lower bound δ is desired then P (ŷ; q̂) can be easily modified to accommodate

this by substituting Ĵ by Ĵ − δ.

We now seek solutions (χ̂, q̂) ∈ X := H(Ŷ , Σ̂)×D(Ŷ , Σ̂) of the optimization problem

min
(χ̂,q̂)∈X

C(χ̂; q̂) subject to E(χ̂, ϕ̂; q̂) = 0 for all ϕ̂ ∈ H(Ŷ , Σ̂). (4.2)

4.1 Adjoint formulation

In order to derive the optimality condition (4.2), we would have to compute a partial

derivative in multiple directions, which is inconvenient. Therefore, we use an adjoint formu-

lation, see, e.g., [8, 35, 82].

Definition 4.1.1. Define a Lagrangian

L : H(Ŷ , Σ̂)×H(Ŷ , Σ̂)×D(Ŷ , Σ̂) → C,

L(χ̂, ẑ; q̂) = C(χ̂; q̂)− E(χ̂, ẑ; q̂),

where we have introduced a Lagrange multiplier ẑ for the PDE constraint in (4.2). For a

given deformation field q̂ ∈ H1
0 (Ŷ ,C)3 we further introduce a state equation:

find χ̂ ∈ H(Ŷ , Σ̂) s. t. L′
ẑ(χ̂, ẑ; q̂)[δẑ] = 0 ∀δẑ ∈ H(Ŷ , Σ̂) (4.3)

and denote the solution of the state equation by χ̂(q̂). Here, F ′
ẑ[δẑ] denotes the Gâteaux
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derivative of a functional F with respect to ẑ in direction δẑ. We then introduce an adjoint

equation:

find ẑ ∈ H(Ŷ , Σ̂) s. t. L′
χ̂(χ̂(q̂), ẑ; q̂)[δχ̂] = 0 ∀δχ̂ ∈ H(Ŷ , Σ̂). (4.4)

The central observation is the fact that a solution to (4.2) is a critical point of L(χ̂, ẑ; q̂);

see [8, 35, 82]. For the sake of completeness we summarize:

Lemma 4.1.2 (First order necessary conditions [8, 35, 82]). The solution (χ̂∗, q̂∗) of (4.2)

coincides with a critical point (χ̂∗, ẑ∗, q̂∗) of the Lagrangian L(χ̂, ẑ; q̂).

Proof. Let (χ̂∗, q̂∗) be a solution to (4.2) and let ẑ∗ be the solution to the adjoint equation

(4.4). We then have L′
ẑ(χ̂

∗, ẑ∗; q̂∗)[δẑ] = 0 and L′
χ̂(χ̂

∗, ẑ∗; q̂∗)[δχ̂] = 0 by virtue of (4.3) and

(4.4).

For an arbitrary deformation q̂ ∈ D(Ŷ , Σ̂) let χ̂(q̂) denote the unique solution to the state

equation (4.3), as well as ẑ(q̂) denote the unique solution to the adjoint equation (4.4). We

now introduce the functional c(q̂) := C(χ̂(q̂); q̂) = L(χ̂(q̂), ẑ(q̂); q̂) and make the obser-

vation that q̂, by virtue of being an optimum, is necessarily a critical point of c(q̂), i. e.,

c′q̂(q̂)[δq̂] = 0 for all δq̂ ∈ D(Ŷ , Σ̂). Using above identity and the chain rule we get for all

δq̂ ∈ D(Ŷ , Σ̂):

0 = c′(q̂)[δq̂] (4.5)

= L′
χ̂(χ̂(q̂), ẑ(q̂); q̂)

[
χ̂′

q̂(q̂)[δq̂]
]
+ L′

ẑ(χ̂(q̂), ẑ(q̂); q̂)[ẑ
′(q̂)[δq̂]]

+ L′
q̂(χ̂(q̂), ẑ(q̂); q̂)[δq̂]

= L′
q̂(χ̂(q̂), ẑ(q̂); q̂)[δq̂],

where for the last equality we have exploited the fact that the first two terms vanish due to

χ̂(q̂) and ẑ(q̂) solving the state and adjoint equations, respectively. (χ̂∗, ẑ∗, q̂∗) is thus a

critical point of the Lagrangian L(χ̂, ẑ; q̂).
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The previous lemma is based on the fact the Lagrangian L can be used to describe the

derivative of c(q̂) [8, 35, 82]; for all δq̂ ∈ D(Ŷ , Σ̂):

c′(q̂)[δq̂] = L′
q̂(χ̂(q̂), ẑ(q̂); q̂)[δq̂].

We will make use of this result in the numerical algorithm to compute a gradient direction

for the deformation. Noting that c′(q̂) is an element of the dual space of H1
0 (Ŷ ,C)3, we find

the Riesz-representation, or gradient, as follows:

Definition 4.1.3 (Gradient equation). Given a deformation field q̂ and corresponding ẑ(q̂),

χ̂(q̂) given by (4.3) and (4.4), we find δc(q̂) ∈ D(Ŷ , Σ̂) by solving the gradient equation

∫
Ŷ

∇δc(q̂) · ∇δq̂ dŷ = L′
q̂(χ̂(q̂), ẑ(q̂); q̂)[δq̂] ∀δq̂ ∈ D(Ŷ , Σ̂). (4.6)

4.2 Methods of numerical optimization

The optimization problem discussed in this thesis uses gradient descent and BFGS and

in this section, we provide an overview of the algorithms used in our numerical algorithms.

Gradient descent is a first-order iterative method that minimizes the gradient of the objective

function, which in our case is c(q̂). As discussed, we use the gradient equation (4.6) to com-

pute the derivative c′(q̂) using the Reisz representation theorem. Algorithm 1 is computing

the gradient using the adjoint approach,

42



Algorithm 1 Computing the H1-gradient δc(q̂) of the cost functional c(q̂) by means of the
adjoint formulation; see Lemma 4.1.2.
Given q̂ ∈ D(Ŷ , Σ̂)

a) compute a solution χ̂(q̂) ∈ H(Ŷ , Σ̂) of the state equation (4.3),

L′
ẑ(χ̂, ẑ; q̂)[δẑ] = −E(χ̂, δẑ; q̂) = 0 ∀δẑ ∈ H(Ŷ , Σ̂);

b) compute a solution ẑ(q̂) of the adjoint equation (4.4),

L′
χ̂(χ̂(q̂), ẑ; q̂)[δχ̂] = 0 ∀δχ̂ ∈ H(Ŷ , Σ̂);

c) solve the gradient equation (4.6),∫
Ŷ

∇δc(q̂) · ∇δq̂ dŷ = L′
q̂(χ̂(q̂), ẑ(q̂); q̂)[δq̂] ∀δq̂ ∈ D(Ŷ , Σ̂).

Return δc(q̂).

BFGS (Broyden-Fletcher-Goldfarb-Shanno) is a quasi-Newton method that approximates

the inverse Hessian to minimize the cost function. We use a slight modification of BFGS, and

algorithm 2 provides an overview of our methods. The modified method still approximates

the inverse Hessian and introduces a damping, which is utilized to allow the use of an Armijo

backtracking linesearch within the optimization while still guaranteeing positive definiteness

of the approximate inverse Hessian [34]. The proof of the positive definiteness remaining

intact is omitted here and we refer the reader to [34] for a detailed description and analysis

of the inverse damped BFGS method.

Also, note here that the pseudo-code for the algorithm uses the discretized version of the

cost function and Lagrangian (ch(q̂),Lh,q̂), however the discretization itself is described in

more detail in Chapter 5.
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Algorithm 2 The inverse damped BFGS algorithm for finding an approximate solution q̂∗
h

of the optimization problem (4.2).
Given an initial guess q̂0

h ∈ Dh and an initial approximate inverse Hessian operator B0 ∈
L(Dh,Dh) iterate:

a) Compute the gradient δch(q̂
n
h) ∈ Dh with Algorithm 1, and obtain a search direction

pn ∈ Dh by setting

pn = −Bnδch(q̂
n
h).

b) Perform an Armijo backtracking line search with parameters β ∈ (0, 1) and γ ∈ (0, 1/2)
to find the maximal λn ∈ {1, β, β2, . . .} satisfying the Armijo condition ch(q̂

n
h+λ

npn) ≤
ch(q̂

n
h) + γλn(∇δch(q̂

n
h),∇pn). Then, update

sn := λnpn, q̂n+1
h = q̂n

h + sn.

c) Update the approximate inverse Hessian matrix using a damped inverse BFGS update
formula derived in [34] to assert positive definiteness of the operator Bn+1. To this
end, compute

yn = δch(q̂
n+1
h )− δch(q̂

n
h).

Define a scaling parameter

θn =

{
1 (∇yn,∇sn) ≥ 0.2(∇yn,∇Bnyn),

0.8 (∇yn,∇Bnyn)
(∇yn,∇Bnyn)−(∇yn,∇sn)

otherwise,

and with ŝn = θns
n + (1− θn)B

nyn set

Bn+1 = Bn +
(ŝn −Bnyn)(∇ŝn,∇·) + ŝn(∇(ŝn −Bnyn),∇·)

(∇yn,∇ŝn)

− (∇(ŝn −Bnyn),∇yn)

(∇yn,∇ŝn)2
ŝn(∇ŝn,∇·),

where, of course, the matrix corresponding to the operator Bn+1 is never constructed
directly. Instead, the application of Bn+1 to the direction δch(q̂

n
h) is computed by

storing the vectors ŝn and Bnyn.

d) If the stopping criterion was reached, return q̂n+1
h , otherwise continue at (a).
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5. COMPUTATIONAL FRAMEWORK AND NUMERICAL ILLUSTRATIONS*

For our numerical tests we use the optimization toolkit DOpElib [28] which is based on

the finite element library deal.II [6, 7]. The library supports a variety of finite element

formulations based on quadrilateral (in 2D) and hexahedrical (in 3D) meshes.

5.1 Finite element discretization and optimization framework

For our numerical tests we use the optimization toolkit DOpElib [28] which is based on

the finite element library deal.II [6, 7]. The library supports a variety of finite element

formulations based on quadrilateral (in 2d) and hexahedrical (in 3d) meshes.

Let Th be a partition of Ŷ into shape-regular (quadrilateral or) hexahedral elements that

are fitted to the hypersurface Σ̂. This is to say, we make the assumption that every element

that is intersected by Σ̂ has a face for which all four vertices of the face are located on Σ̂. We

denote by Σ̂h the set of all faces for which all vertices of the face are located on Σ̂. By slight

abuse of notation we will interpret Σ̂h either as a collection of faces or as the polyhedral

hypersurface created by the union of all faces. We denote by
{
φh
i

}N
i=1

the Lagrange basis of

Q1(Th), the space of piecewise (bilinear) trilinear finite elements defined on Th. Note that

the tangential derivative ∇̂t̂ϕ on a face f ∈ Σ̂h of a finite element function ϕ ∈ Q1(Th) is

single valued.

We can thus introduce a discrete bilinear form corresponding to (3.10):

Eh(χ̂h, ϕ̂h; q̂h) :=

∫
Ŷ

ε̂h(x, ŷ)
(
F̂h(ŷ)

T + ∇̂χ̂ T
h

)
· ∇̂ϕ̂ T

h dŷ

− 1

iω

∫
Σ̂h

σ̂h(x, ŷ)
(
(F̂h(ŷ)

T )t̂ + ∇̂t̂χ̂
T
h

)
· ∇̂t̂ϕ̂

T
h dôŷ, (5.1)

for χ̂h, ϕ̂h ∈ Hh := Q1(T )2×3 and q̂h ∈ Dh := Q1(T )3.

Here, ε̂h, σ̂h and F̂h are computed with respect to the discrete objects q̂h and Σ̂h.

*Part of this chapter is reprinted with permission from M. Bezbaruah, M. Maier, and W. Wollner, “Shape
optimization of optical microscale inclusions,” SIAM Journal on Scientific Computing, vol. 46, no. 4, pp.
B377-B402, 2024. Copyright © by Society for Industrial and Applied Mathematics. All rights reserved.
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Similarly, we introduce a discrete counterpart εeff
h of the effective permittivity tensor given

by (3.11) and we set

Ch(χ̂h; q̂h) :=
1

2

∥∥εeff
h (χ̂h; q̂h)− εtrgt∥∥2

Fr. +
α

2
‖∇q̂h‖2wh

+ β

∫
Ŷ

P (ŷ; q̂h) dŷ. (5.2)

Here, we choose the following weight function in order to penalize more the deformation

gradient on mesh cells at the interface that ensures that the discrete interface Σh retains a

sufficient degree of smoothness:

wh(ŷ) =


1 + αΣ/diamK for ŷ ∈ K with ∂K ∩ δΣh 6= ∅,

1 otherwise.

By introducing a discrete Lagrangian,

Lh : Hh ×Hh ×Dh → C,

L(χ̂h, ẑh; q̂h) = Ch(χ̂; q̂)− Eh(χ̂, ẑ; q̂),

we are now in a position to use the adjoint formulation to compute a discrete gradient [28];

see Algorithm 1. We use an inverse BFGS algorithm with damping as proposed in [34] to find

an approximate minimum of Ch(q̂h); see Algorithm 2. The λn in the above algorithm is the

step size it is chosen by an Armijo backtracking linesearch and changes at every iteration.

As mentioned, Bn is an approximate inverse Hessian matrix. The update procedure in

Algorithm 2(c) ensures that Bn+1 remains symmetric and positive definite. The initial value

B0 is chosen as,

B0 =
−1

α
∆−1

h : Dh → Dh

in order to exactly recover the inverse Hessian of the control cost as suggested by the local

convergence theory outlined in [29, 40].
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5.2 Numerical illustrations

In this section, we discuss a number of numerical results to illustrate the performance

of the shape optimization algorithm. We implemented the algorithm in a small C++ code

using the optimization toolkit DOpElib [28] which is based on the finite element library

deal.II [6, 7]. We have made our source code publicly available on Zenodo [9]. For the

sake of simplicity we restrict our numerical computations to 2D by assuming translation

invariance in the z-direction. Then, the cell problem (3.7) and the averaging (3.6) reduce to

a 2D problem. Throughout the section we have chosen ε = I and the surface conductivity to

be given by (2.6) with a fixed frequency of either ω = 0.3, or ω = 0.5. The reference geometry

consists of an inscribed circle Σ̂ at the center of Ŷ = [0, 1]2 with a radius of r = 0.3; see

Figure 3.1. We have chosen a fixed spatial discretization Th of 53 248 quadrilaterals (fitted to

the hypersurface Σ̂) which amounts to 429 062 degrees of freedom for the (complex tensor-

valued) state problem and 107 266 for the (vector-valued) control problem.

5.2.1 Influence of the regularization parameters

We first present a parameter study to assess the influence of the regularization parameters

α and β found in (4.1) on the target tensor εeff and the deformation field q̂. The optimization

problem without stabilization terms in (4.1) is highly ill-posed; the main reason being the

fact that the deformation vector q̂ has no influence on the target functional away from the

interface Σ̂. Thus, a reasonable amount of penalization is required to (a) ensure consistent

mesh regularity (i. e. Ĵ being reasonably close to 1), and (b) allow the geometry to deform

sufficiently to actually obtain an effective tensor εeff(χ̂, q̂) close to the target εtarget. For the

parameter study we choose a target permittivity tensor of

εtarget =

0.8 + 0.008i 0.05

0.05 0.8 + 0.008i

 ,

https://zenodo.org/records/10459309
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β α αΣ εeff
xx εeff

xy deviation optimality
0.2 0.01 10 0.8244 + 0.0200i 0.0444− 0.0174i 4.63% 0.00503
0.2 0.001 100 0.8233 + 0.0202i 0.0441− 0.0170i 4.51% 0.00739
0.2 0.001 10 0.8057 + 0.0133i 0.0484− 0.0090i 1.70% 0.00890

0.1 0.01 10 0.8239 + 0.0204i 0.0440− 0.0174i 4.61% 0.02082
0.1 0.001 100 0.8230 + 0.0206i 0.0438− 0.0171i 4.51% 0.02598
0.1 0.001 10 0.8052 + 0.0140i 0.0481− 0.0090i 1.72% 0.01366

0.05 0.01 10 0.8235 + 0.0207i 0.0438− 0.0173i 4.59% 0.02360
0.05 0.001 100 0.8228 + 0.0209i 0.0436− 0.0170i 4.51% 0.07232
0.05 0.001 10 0.8049 + 0.0145i 0.0480− 0.0090i 1.73% 0.00472

Table 5.1: Diagonal and off-diagonal components of εeff(χ̂, q̂), relative deviation
∥∥εeff −

εtarget
∥∥

Fr./
∥∥εtarget

∥∥
Fr., optimality, i. e., relative norm of the reduced gradient, for different

values of stabilization parameters β, α and αΣ (rows). Results are shown for a fixed number
of 200 iterations of the BFGS algorithm 2. The initial deviation was 10.97%.

β α αΣ εeff
xx εeff

xy deviation optimality
0.2 0.001 10 0.8057 + 0.0135i 0.0483− 0.0092i 1.73% 0.00667
0.1 0.001 10 0.8052 + 0.0141i 0.0481− 0.0092i 1.74% 0.00747
0.05 0.001 10 0.8048 + 0.0145i 0.0480− 0.0091i 1.75% 0.00533

Table 5.2: Subset of the parameter study reported in Table 5.1 but with 5 instead of 6
global refinement steps resulting in 13 312 quadrilaterals which amounts to 108 040 degrees
of freedom for the (complex tensor-valued) state problem and in 27 010 for the (vector-
valued) control problem.

which has a moderate initial relative deviation
∥∥εeff−εtarget

∥∥
Fr./

∥∥εtarget
∥∥

Fr. of around 10.97%.

We choose to perform a fixed number of 200 steps of Algorithm 2 without an active stopping

criterion. Results for varying degrees of regularization α = 0.01, 0.001, αΣ = 10, 100,

and β = 0.2, 0.1, 0.05 are reported in Table 5.1. We see in the above experiments that the

combination of α and αΣ have the largest influence on the achieved deviation from the target

tensor. Lower values of the stabilization parameters result in smaller deviations; see Table

5.1. As a last figure of merit we also report the achieved optimality, i. e., the norm of the

reduced gradient normalized over the initial value: ‖δch(q̂n
h)‖/‖δch(q̂0

h)‖ for the final step

n = 200. Here, we observe that the highest reduction after 200 steps with an optimality
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of around 0.005 is achieved for the choice α = 0.001, αΣ = 10, β = 0.05. However, if

the stabilization parameters are chosen too small, the mesh can degrade, in particular near

the edges of the interface Σh. Thus, in order to balance both these factors, we make a

conservative choice of α = 0.001, αΣ = 10 and β = 0.1 for all subsequent numerical tests.

As a final test we examine the influence of mesh refinement on the numerical result and

rerun the case of α = 0.001, αΣ = 10 and β = 0.2, 0.1, 0.05 with a lower resolution of 13 312

quadrilaterals resulting in 108 040 degrees of freedom for the (complex tensor-valued) state

problem and in 27 010 for the (vector-valued) control problem; see Table 5.2. The final εeff

values after 200 iterations are very close to the results obtained for 6 global refinement steps;

cf Table 5.1. We conclude that the chosen resolution of 53 248 quadrilaterals is appropriate

with minimal influence on the optimization result.

5.2.2 Optimizing an epsilon-near-zero material

We now illustrate the shape optimization procedure for three different target permittivity

tensors given by

εtarget =

 ∗ 0.05

0.05 0.5 + 0.01i

 ,

where we vary the εtarget
xx component from (a) 0.5 + 0.01i, (b) 0.25 + 0.005i, to (c) 0.0. The

target tensor has been chosen close to the initial permittivity tensor of

εeff
ref =

0.50304 + 0.01114i 0.0

0.0 0.50304 + 0.01114i

 ,

obtained for the reference configuration with frequency ω = 0.3.
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(a) εtrgt.
xx = 0.5 + 0.01i (b) εtrgt.

xx = 0.25 + 0.00i (c) εtrgt.
xx = 0.0 (d) reference

(e) εtrgt.
xx = 0.5 + 0.01i (f) εtrgt.

xx = 0.25 + 0.00i (g) εtrgt.
xx = 0.0 (h) reference

Figure 5.1: Epsilon-near-zero testcase: Final geometry obtained for target cases (a), (b) and
(c) with increasingly smaller εtarget

xx component. The corresponding deformed (and initial)
meshes are shown in (e)-(h). The black region in (a)-(d), as well as the red region in (e)-(h)
show the volume surrounded by the interface Σh. Reprinted with permission from [9].

εeff
xx εeff

xy εeff
yy initial final steps

ref. 0.5030 + 0.011i 0.0− 0.0i 0.5030 + 0.011i
(a) 0.5041 + 0.011i 0.0488− 0.001i 0.5041 + 0.011i 7.09% 0.65% 263
(b) 0.2897 + 0.027i 0.0486− 0.002i 0.5285 + 0.016i 26.3% 5.40% 2047
(c) 0.0271 + 0.054i 0.0493− 0.003i 0.5161 + 0.021i 50.8% 6.36% 2977

Table 5.3: Epsilon-near-zero testcase: Final permittivity tensors obtained for target cases
(a), (b), (c), and the starting value for the undeformed reference configuration. In addition,
we report the initial and final deviation

∥∥εeff − εtarget
∥∥

Fr./
∥∥εtarget

∥∥
Fr., as well as the number

of BFGS iterations in Algorithm 2 needed to achieve convergence.
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As the target vector gradually gets closer to an epsilon-near-zero material [58, 61] an

increasingly larger mesh deformation is required to achieve an optimal configuration. We

chose to add an off-diagonal value of 0.05 in the target permittivity tensor to force an

increased interaction between the x- and y-directions. For our numerical computation we

use the stabilization parameters discussed in Section 5.2.1 and a stopping criterion to achieve

a reduction of the reduced gradient, viz. ‖δch(q̂n
h)‖/‖δch(q̂0

h)‖, of better than 10−4.

The initial and final geometry is illustrated in Figure 5.1. It can be seen that proceeding

from case (a) to (c) an increasingly larger mesh deformation is required, the shapes remain

largely elliptic. The final permittivity tensor values and deviation are given in Table 5.3.

With the chosen stabilization parameters we were able to improve the initial deviation to

our target tensor consistently by an order of magnitude.

Remark 5.2.1. We point out that it does not seem possible in general to achieve a deviation

of zero for arbitrary target permittivities [58]. This is largely due to the fact that the effective

permittivity tensor εeff as a function of shape and frequency possesses a well defined structure

that does not allow to tune all components and the real and imaginary part arbitrarily; see

[58].

In Figure 5.2 we report the evolution of the optimality, ‖δch(q̂n
h)‖/‖δch(q̂0

h)‖, dur-

ing the solution process. We note that with the larger deformation necessary for cases

(b) and (c) a significant increase in the number of required steps to achieve convergence

can be observed. As a final figure of merit we examine the evolution of the deviation,∥∥εeff −εtarget
∥∥

Fr./
∥∥εtarget

∥∥
Fr., during the solution process; see Figure 5.3. We observe that the

deviation converges to its final value very fast (in between 10 to 100 steps) which corresponds

to the initial steep slope for the optimality; cf. Figure 5.2. The remaining steps are then

spend on further minimizing the penalty and thus improving the overall mesh quality.
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(a) εtrgt
xx = 0.5 + 0.01i

(b) εtrgt
xx = 0.25 + 0.005i

(c) εtrgt
xx = 0.00

Figure 5.2: Evolution of the optimality, ‖δch(q̂n
h)‖/‖δch(q̂0

h)‖, during the BFGS solution
process for the three cases (a) 0.5 + 0.01i, (b) 0.25 + 0.005i, to (c) 0.0. The thick line for
each case is a smoothed Bezier curve (gnuplot builtin) that is overlayed over the actual,
oscillatory value. Reprinted with permission from [9].
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Figure 5.3: Evolution of the deviation,
∥∥εeff−εtarget

∥∥
Fr./

∥∥εtarget
∥∥

Fr., during the BFGS solution
process for the three cases (a) 0.5 + 0.01i, (b) 0.25 + 0.005i, to (c) 0.0. Reprinted with
permission from [9].
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(a) εtrgt.
xy = 0.10 (b) εtrgt.

xy = 0.15 (c) εtrgt.
xy = 0.20 (d) reference

Figure 5.4: Large deformation testcase: Final geometry obtained for target cases (a), (b) and
(c) with increasingly larger {εtarget

xy , εtarget
yx } components. Reprinted with permission from [9].

εeff
xx εeff

xy initial final steps
ref. 0.7783 + 0.003i 0.0− 0.0i
(a) 0.5254 + 0.063i 0.0953− 0.013i 41.8% 8.58% 0 + 512
(b) 0.5256 + 0.063i 0.1429− 0.020i 44.7% 8.89% 100 + 435
(c) 0.5258 + 0.063i 0.1904− 0.027i 48.4% 9.30% 100 + 709

Table 5.4: Large deformation testcase: Final permittivity tensors obtained for target cases
(a), (b), (c), and the starting value for the undeformed reference configuration. In addi-
tion, we report the initial and final deviation, as well as the number of BFGS iterations in
Algorithm 2 needed to achieve convergence.

5.2.3 Large mesh deformations

As a final test, we demonstrate that our optimization algorithm can handle larger mesh

deformations. For this, we use again the target tensor introduced in Section 5.2.2 but vary

the off-diagonal elements instead of the xx-component:

εtarget =

0.5 + 0.01 ∗

∗ 0.5 + 0.01i

 ,

where we vary the εtarget
xy , εtarget

yx components from (a) 0.10, (b) 0.15, to (c) 0.20. In addition,

we set the angular frequency to ω = 0.4.
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(a) step 10, dev. 23% (b) step 30, dev. 21 (c) step 100, dev. 16% (d) st. 100+50, dev. 9%

Figure 5.5: Large deformation testcase: Mesh evolution for Case (c) with εtarget
xy = 0.2 after

(a) 10, (b) 30, and (c) 100 steps with a large regularization parameter β = 0.8, and (d) after
running another 50 steps with a smaller penalty of β = 0.1. The deviation value reported
is the normalized difference of the effective permittivity tensor to target tensor. Reprinted
with permission from [9].

For visualization purposes, we also chose to run this set of computations with a lower

resolution of 13 312 quadrilaterals (see also the discussion about mesh resolution in Sec-

tion 5.2.1). The mesh deformation for cases (b) and (c) is so large that it would require to

increase the values of the stabilization parameters significantly. This would result in a signif-

icantly higher deviation of the obtained permittivity tensor from the target tensor possibly

beyond what would be deemed acceptable. We thus employ a slightly more sophisticated

strategy: In cases (b) and (c) we first run 100 steps of the BFGS algorithm with a large

penalty of β = 0.4 for (b) and β = 0.8 for (c) which ensures that the mesh does not degrade

too much and the regular solutions shown in Figure 5.4 are obtained. Afterwards we fall

back to the original stabilization value of β = 0.1 and run the BFGS algorithm until the

stopping criterion is reached.

As reported in Figure 5.4 with the modified choice of target tensor and angular frequency

a much more dramatic shape deformation away from a simple ellipse was achieved. The cor-

responding final permittivity tensors, final deviation and number of BFGS steps are reported

in Table 5.4. We reach a final deviation of around 9% for all three cases. We report in Fig-

ure 5.5 the mesh evolution observed during the solution process for case (c) with εtarget
xy = 0.2.
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The most crucial part in the solution process is between steps 30 and 100: if we lower β too

much below 0.8 then the algorithm tries to approximate an eight-figure shape (and becoming

singular in the process) instead of reaching the shape shown in Figure 5.4(c).
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6. CONCLUSION AND OUTLOOK

In this thesis, a shape optimization problem for plasmonic crystals composed of dielectric

inclusions is discussed. The objective of the work is to optimize the shape of microscale

inclusions so that the effective permittivity tensor of the material matches a specified target.

Achieving this goal requires modifying the geometrical configuration. A mesh deformation

technique is introduced and incorporated within the framework of the cell problem.

Next, the thesis addresses the well-posedness and regularity of the deformed cell problem,

ensuring that the modified problem provides a unique solution that behaves smoothly under

deformation. This step is critical as it guarantees that the optimization process will converge

and will arrive at a meaningful solution, even as the shapes are altered significantly. The

mathematical framework and penalties established in the thesis provides the foundation for

ensuring that these deformations do not introduce numerical instability and can often occur

when handling complex shapes or large deformations. The numerical optimization techniques

are introduced, and then the discretization is discussed. This provides the mathematical

framework for the experiments.

A series of numerical experiments are conducted to validate the framework, with the

results clearly demonstrating its capability to successfully solve the optimization problem.

The numerical experiments not only show that the optimization method can converge to

solutions, but also highlight the robustness of the approach when applied to large-scale shape

modifications. The techniques are shown to effectively control the deformations while keeping

the solution feasible and close to the desired target. In particular, the experimental setup

demonstrates that despite the large-scale deformations, the optimization process remains

stable and converges to the desired solution.

The work emphasizes the practical effectiveness and reliability of the proposed opti-

mization approach, offering valuable insights for the design of plasmonic materials with

customized properties, particularly for advanced applications in materials science.
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6.1 Outlook: Frequency dependent approach

The approach described in this thesis is limited to optimizing a microstructure for a

single fixed frequency ω. This is somewhat limiting as in practice a target permittivity that

is valid over a (large) frequency interval is desired. In this regard we will explore how the

optimization approach can be adapted to a result reported in [58].

6.1.1 Frequency response of εeff

The frequency response of εeff
ij (ω) is described by a purely algebraic expression

εeff
ij (ω) = ε δij − η(ω)Nij −

∞∑
n=1

λn η
2(ω)

ε− λn η(ω)
Mjn Min,

where η(ω) = σ(ω)
iω , the coefficient Nij is a weight only depending on the geometry, and Min,

Mjn are weights depending on eigenfunctions ϕn with corresponding eigenvalues λn that are

characterized by a purely geometric eigenvalue problem:


∆ϕn(x)

)
= 0 in Y \ Σ ,

[ϕn(x))]Σ = 0 on Σ ,

λn [ν · ∇tϕn(x)]Σ = ∇t · ∇tϕn(x) on Σ .

The following analysis is summarized from [58] by Maier et al. The geometric problem is to

identify all {λn} ⊂ R for which there exists a nonzero ϕn satisfying [58]:

λn

∫
Y

ε̃(x,y) ∇ϕn(y)
T · ∇ψ(y) dy =

∫
Σ

σ̃(x,y) ∇tϕn(y)
T · ∇t∇ψ(y) doy,

where
∫
Σ

(σ̃(x,y)∇tϕn(y)) · ∇tϕn doy = 1 (6.1)

for all admissible test functions ψ.
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We make the ansatz χj =
∑
n

αnϕn(y) and plug into our cell problem (2.25).

∑
n

αn

(
ε(ω)

∫
Y

ε̃(x,y) ∇ϕT
n · ∇ψ(y) dy − η(ω)

∫
Σ

σ̃(x,y) ∇tϕ
T
n · ∇tψ(y) doy

)
= − ε(ω)

∫
Y

ε̃(x,y) ej · ∇ψ(y) dy + η(ω)

∫
Σ

σ̃(x,y) ejt · ∇tψ(y) doy.

Using (6.1) and dividing by ε(ω) on both sides,

∑
n

αn

( 1

λn
− η(ω)

ε(ω)

)∫
Σ

σ̃(x,y) ∇tϕ
T
n · ∇tψ(y) doy

= −
∫
Y

ε̃(x,y) ej · ∇ψ(y) dy +
η(ω)

ε(ω)

∫
Σ

σ̃(x,y) ejt · ∇tψ(y) doy.

Testing with ϕT
k ,

∑
n

αn

( 1

λn
− η(ω)

ε(ω)

)∫
Σ

σ̃(x,y) ∇tϕ
T
n · ∇tϕT

k doy

= −
∫
Y

ε̃(x,y) ej · ∇ϕT
k dy +

η(ω)

ε(ω)

∫
Σ

σ̃(x,y) ejt · ∇tϕT
k doy.

Finally, we rearrange and divide by
(

1
λn

− η(ω)
ε(ω)

)
on both sides to get

αn = − ε(ω)λn
ε(ω)− η(ω)λn

∫
Y

ε̃(x,y) ej · ∇ϕT
k doy

+
η(ω)λn

ε(ω)− η(ω)λn

∫
Σ

σ̃(x,y) ejt · ∇tϕT
k dy. (6.2)
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Plugging into the effective permittivity tensor (2.24),

εeff
ij = ε(ω)

∫
Y

ε̃(x,y) ej · ei dy − η(ω)

∫
Σ

σ̃(x,y) ejt · eit doy

−
∑
n

(ε(ω))2λn
ε(ω)− η(ω)λn

∫
Y

ε̃(x,y) ej · ∇ϕT
k dy

∫
Y

ε̃(x,y) ∇ϕT
k · ei dy.

+
∑
n

ε(ω)η(ω)λn
ε(ω)− η(ω)λn

∫
Y

ε̃(x,y) ej · ∇ϕT
k dy

∫
Σ

σ̃(x,y) ∇tϕ
T
k · eit doy.

+
∑
n

ε(ω)η(ω)λn
ε(ω)− η(ω)λn

∫
Σ

σ̃(x,y) ejt · ∇tϕT
k doy

∫
Y

ε̃(x,y) ∇ϕT
k · ei dy.

−
∑
n

η2(ω)λn
ε(ω)− η(ω)λn

∫
Σ

σ̃(x,y) ejt · ∇tϕT
k doy

∫
Σ

σ̃(x,y) ∇tϕ
T
k · eit doy. (6.3)

Note that in (6.3), the integrals only depend on geometry, and the coefficients only depend

on frequency. Equations (6.1) and (6.3) use the same convention and notations as (2.25) and

(2.24).

6.1.2 Deformation of the spectral problem

We are now in a position to recast (6.1) using the definitions in section 3.1. We introduce

a spectral problem to identify all {λ̂n[q̂]} ⊂ R for which there exists a ϕ̂n[q̂] satisfying:

λ̂n

∫
Ŷ

ε̃(x, y) F̂ (ŷ)−T ∇̂ϕ̂(ŷ)Tn · ∇F̂ (ŷ)−T ∇̂ψ̂(ŷ)Ĵ dŷ

=

∫
Σ̂

σ̃(x, y)
(∑

k

τ kτ
T
k (F̂ (ŷ)

−T ∇̂ϕ̂n(ŷ)
T )
)

·
(∑

k

τ kτ
T
k (F̂ (ŷ)

−T ∇̂ψ(ŷ)
)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ, (6.4)

where

∫
Σ̂

(
σ̃(x, y)

∑
k

τ kτ
T
k (F̂ (ŷ)

−T ∇̂ϕ̂n(ŷ))
)

·
(∑

k

τ kτ
T
k (F̂ (ŷ)

−T ∇̂ϕ̂n(ŷ))
)
‖F̂ (ŷ)−T ν̂‖`2 Ĵ dôŷ = 1 (6.5)
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for all admissible test functions ψ̂[q̂].

Using the tensors described in (3.9), (6.4) can be recast as

λ̂n

∫
Ŷ

ε̂(x,y(ŷ)) ∇̂ϕ̂n(ŷ)
T · ∇̂t̂ψ̂(ŷ) dŷ =

∫
Σ̂

σ̂(x,y(ŷ)) ∇̂t̂ϕ̂n(ŷ)
T · ∇̂t̂ψ̂(ŷ) dôŷ,

where
∫
Σ̂

(σ̂(x,y(ŷ))∇̂t̂ϕ̂n(ŷ)) · ∇̂t̂ϕ̂n dôŷ = 1 (6.6)

With this formulation, we would prove that the deformed problem is well-posed, and also

provide the regularity and robustness results required for the optimization algorithms.

6.1.3 Proposed cost function and optimization problem

Now, we formulate a tentative cost function for this problem. The penalties are similar

to the ones in chapter 4, while the deviation term is now an absolute difference between two

real numbers.

Definition 6.1.1. For a given target λ∗, introduce a cost function:

C((λ̂, ϕ̂); q̂) :=
1

2
|λ̂− λ∗|+ α

2

(
‖q̂‖2 + ‖∇̂q̂‖2

)
+ β

∫
Ŷ

P (ŷ; q̂) dŷ,

P (ŷ; q̂) :=


1
2

(Ĵ(ŷ)−1)2

|Ĵ(ŷ)|+Ĵ(ŷ)
if Ĵ(ŷ) < 1,

1
2
(Ĵ(ŷ)− 1)2 if Ĵ ≥ 1.

(6.7)

The proposed optimization problem is:
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Definition 6.1.2. We seek the solution ((λ̂, ϕ̂); q̂) ∈ X := ((R×H(Ŷ , Σ̂))×D(Ŷ , Σ̂))

min
((λ̂,ϕ̂);q̂)

C((λ̂, ϕ̂); q̂) s.t.

λ̂

∫
Ŷ

ε̂(x,y(ŷ)) ∇̂ϕ̂(ŷ)T · ∇̂t̂ψ̂(ŷ) dŷ =

∫
Σ̂

σ̂(x,y(ŷ)) ∇̂t̂ϕ̂(ŷ)
T · ∇̂t̂ψ̂(ŷ) dôŷ,

for all admissible test functions ψ̂, and∫
Σ̂

(σ̂(x,y(ŷ))∇̂t̂ϕ̂(ŷ)) · ∇̂t̂ϕ̂ dôŷ = 1.

(6.8)

We would once again proceed with an adjoint approach and iterative optimization algorithms.

6.2 Outlook: Computational efficiency

A major computational bottleneck with this shape optimization routine is the repeated

assembly of the finite element and mesh at each iterative step of the optimization. A proposed

solution is to speed up the finite element assembly using GraphBLAS [20].

6.2.1 Sparsity pattern

Creating the sparsity pattern of an assembled finite-element matrix is simple and fast

using GraphBLAS [62]. A finite-element analysis creates a sparse n-by-n matrix A that is the

sum of m individual finite-elements, A =
∑m

k=1Ak. The matrix Ak is a very sparse n-by-n

matrix that can be thought of as the adjacency matrix of a single small clique in a graph of

n nodes. In terms of a matrix, Ak has nonzero entries only in the positions defined by the

Cartesian product of two small lists of integers, typically of length 9 to 30. If the sparsity

pattern of Ak is symmetric then only one such list is needed. The size of this list depends on

the kind of discretization (2D or 3D, polynomial degree of finite element ansatz, continuous

or discontinuous) and the kind of differential equations being modeled by the finite-element

method.

Let F be an m-by-n boolean matrix that represents m finite elements. The structure of

the kth finite-element is represented by the kth row, Fk∗, and the list of column indices of
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entries present in this row gives the list of integer indices that define the sparsity pattern

of Ak. The outer product of the two vectors FT
k∗ ∨ . ∧ Fk∗ gives the sparsity pattern of

the kth finite-element, and thus the sparsity pattern of A is FT ∨ . ∧ F, via a single call to

GrB_mxm. Applying this technique in the deal.II finite-element package [7] yields a speedup

of about 4x for the overall strategy, and 15x when comparing only the portion handled by

GraphBLAS, on an 18-core shared-memory system, since the existing assembly of the sparsity

pattern is handled with a single-threaded algorithm in deal.II version 9.5. For matrices

with unsymmetric sparsity pattern and rectangular finite-elements, we can replace FT with

a different matrix G and compute A = G ∨ . ∧ F instead.

6.2.2 Proposed usage of GrB_IndexBinaryOp

We [62] propose using the GrB_IndexBinaryOp to create the numerical values of A as well,

with a semiring that constructs each entry of Ak inside its multiplicative operator. Suppose

the entries fki and fkj of F contain a user-defined data type with enough information, along

with the scalar θ, so that an index binary operator can compute (Ak)ij = ⊗(fki, fkj, i, k, j, θ).

This operator would have access to all three indices i, j, and k, as well as the user-defined

scalar θ. The data type of θ could be simply a pointer to a complex user-provided data

structure, and could be dereferenced with k and perhaps the global indices i and j to find

any information need for the kth finite-element.

It may also be useful for this ⊗ operator to have access to the local indices, ilocal and jlocal

of the (Ak)ij entry. The local index ilocal is an index into a small dense finite-element; that

is, if fki is the third entry present in the kth row of Fk∗, then ilocal = 3 (or 2 if zero-based

indexing is used). This local index is not part of the proposed GrB_IndexBinaryOp, so if

needed it would be added to the user-defined data type and encoded in the value of fki. We

anticipate other uses for this local index in LAGraph such as in the Connected Components

algorithm which requires the selection of the leftmost 4 entries in each row. This suggests

future work on an indexed binary operator that includes such local indices.
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